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Abstract
This thesis describes electronic transport experiments in graphene from the hopping to
the ballistic regime. The first experiment studies dual-gated bilayer graphene devices. By
applying an electric field with these dual gates, we can open a band gap in bilayer graphene
and observe an increase in resistance of over six orders of magnitude as well as a strongly
non-linear behavior in the transport characteristics. A temperature-dependence study of
resistance at large electric field at the charge neutrality point shows the change in the
transport mechanism from a hopping dominated regime at low temperature to a diffusive
regime at high temperature.
The second experiment examines electronic properties of Bernal-stacked trilayer
graphene. Due to the low mobility of trilayer graphene on SiO2 substrates, we employ
hexagonal boron nitride as a local substrate to improve its mobility. This led us to ob-
serve a quantum Hall effect with multiple Landau level crossings, proving the coexistence
of massless and massive Dirac fermions in Bernal-stacked trilayer graphene. From the
position of these crossing points in magnetic field and electron density, we can deduce
the band parameters used to model its band structure. At high magnetic field, we ob-
serve broken symmetry states via Landau level splittings as well as crossings among these
broken-symmetry states.
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Abstract
In the third experiment, we investigate transverse magnetic focusing (TMF) in
mono-, bi-, and tri-layer graphene. The ability to tune density allows us to electronically
modify focal points and investigate TMF continuously from hole to electron regimes. This
also allows us to observe the change in band structure of trilayer graphene as a function
of applied electric field. Finally, we also observe TMF at room temperature in mono-
layer graphene which unambiguously proves the existence of ballistic transport at room
temperature.
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Chapter 1
Introduction
Graphene is a monolayer of graphite which has a honeycomb lattice structure.
Its band structure was first analyzed theoretically in 1947 by P. R. Wallace [1]. Due
to thermal fluctuations, a free-standing two-dimensional material would not be able to
establish long-range order and cannot exist in nature [2]. However, in 2004, Geim et al.
showed that graphene can be isolated from graphite by a mechanical exfoliation technique
(or “scotch tape” technique) on a surface [3]. Its existence was later confirmed by an
unusual half-integer quantum Hall effect [4, 5]. Since then, graphene has been a subject
of extensive research due to its remarkable electronic, mechanical, optical, and chemical
properties and potential for future applications. Electronically, its gapless linear band
structure and the chiral nature of electrons in graphene as well as its tunability of charge
density have led to the observation of new phenomena such as the half-integer quantum
Hall effect [4, 5], the quantum Hall effect in PN junctions [6, 7], Klein tunneling [8, 9], and
strain-induced pseudo-magnetic fields [10, 11]. Mechanically, graphene has been shown to
be the strongest material ever measured, with a Young’s modulus of 1 TPa and yet it
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can be stretched elastically by up to 20% [12]. It is also impermeable to He gas [13].
Optically, graphene is nearly transparent with its opacity given by piα where α is the fine
structure constant [14]. Due to its gapless band structure, graphene is ideal for broadband
optoelectronic applications as electrons in graphene can be excited by photons over a wide
range of energies. Chemically, graphene can be reversibly transformed from semi-metal to
insulator by means of hydrogenation or fluorination with very uniform coverage [15–17].
In this thesis, I will focus on the electronic properties of mono-, bi-, and tri-layer
graphene, an area which has been developed at an incredible pace both theoretically and
experimentally. Even though graphene has such promising potential, progress has been
hindered by the presence of impurities, which make graphene less pristine and which ob-
scure the observation of some of the novel predicted phenomena. In the early phase of
graphene research, 300-nm-thick SiO2 was the most common substrate for electronic study
because monolayer graphene can be easily identified under an optical microscope and it is
also used as a gate to control electron density in graphene. Moreover, the standard fabri-
cation process, which involves mechanical exfoliation of graphene directly onto SiO2 and
electron-beam lithography, also helped SiO2 become the most common choice. However,
the mobility of graphene on SiO2 has been limited to ∼10,000 cm2 V−1 s−1 which corre-
sponds to a mean free path of ∼100 nm for a density n ∼ 1012 cm−2. Therefore, electronic
transport in graphene is in a diffusive regime because the separation between contacts is
typically on the order of a micron.
Charged impurities trapped inside the oxide are believed to be a major source of
scattering [18–21]. One possible way to improve graphene quality is to remove graphene
from the SiO2 substrate and leave it suspended [22,23]. This method has increased the mo-
bility of graphene by one to two orders of magnitude to ∼105–106 cm2 V−1 s−1 [22–24] with
2
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a mean free path reaching 1–10 µm. Such a long mean free path indicates that charge car-
riers now can travel ballistically across the sample without scattering. The high quality of
suspended graphene has led to the observation of intriguing phenomena which would have
been impossible for graphene on SiO2 such as the fractional quantum Hall effect [25, 26]
and the renormalization of Fermi velocity near the Dirac point in monolayer graphene [24],
as well as interaction effects in bilayer graphene [27–31]. However, eliminating the sub-
strate and leaving graphene suspended put major limitations on device geometry because
suspended graphene can easily collapse. As a result, the majority of studies on suspended
graphene so far has been performed on two-terminal geometry. In addition, suspended
graphene is inevitably subjected to ripples and strain [32–34] which can effect its electronic
properties in an unknown way [35–37].
Alternatively, instead of removing the SiO2 substrate, searching for a new sub-
strate to replace SiO2 has also been pursued in order to find a perfect match for graphene
and eliminate the disadvantages present in suspended graphene. Graphene on mica has
been shown to improve its flatness [38] but device fabrication has proved to be challeng-
ing [39]. Eventually, a revolution came when Dean et al. employed hexagonal boron nitride
(hBN) as a new substrate [40] and observed a significant increase in graphene mobility
(60,000 and 80,000 cm2V−1s−1 for monolayer and bilayer graphene respectively).
Hexagonal boron nitride has the same honeycomb lattice structure as graphene
but with boron and nitrogen replacing carbon in the A and B sublattices. In addition,
lattice constant in hBN is 1.8% longer than that of graphene [41]. Unlike graphene, which
is a semi-metal, hBN is an insulator and, for the single crystals grown by Watanabe et al.,
its direct band gap is 5.97 eV [42]. Due to the strong bonding between boron and nitrogen,
hBN is expected to be free of dangling bonds and surface charge traps. STM studies of
3
Chapter 1: Introduction
graphene on hBN have also confirmed that the potential fluctuations and surface roughness
in graphene on hBN are about an order of magnitude smaller than those on SiO2 [43,
44]. Later studies have found mobilities > 100, 000 cm2V−1s−1 [45–48]. Even though
graphene devices on hBN substrates require a complicated fabrication process involving
graphene transfer, the fact that graphene is supported has allowed for a more complex
device geometry than that in suspended graphene.
The data presented in this thesis have been taken on mono-, bi-, and tri-layer
graphene devices. By adding one or two more layers onto monolayer graphene, its band
structure becomes significantly modified and each one case possesses its own special elec-
tronic properties. Therefore, in Chapter 2 and Chapter 3, a detailed description of band
structure and quantum Hall effect in mono-, bi-, and tri-layer graphene will be discussed.
After these chapters, I will present the results from three experiments where the graphene’s
electronic transport properties vary from hopping to ballistic regimes:
• Chapter 4 explores the ability to open a band gap in dual-gated bilayer graphene by
applying a perpendicular electric field and also the effect of disorder on the measured
transport gap.
• Chapter 5 investigates quantum Hall effect and Landau level crossing in Bernal-
stacked trilayer graphene which leads to the determination of the band parameters
used to describe the peculiar band structure of Bernal-stacked trilayer graphene.
• Chapter 6 describes transverse magnetic focusing in mono-, bi-, and tri-layer graphene
from low temperature to room temperature. The ability to tune electron density
enables the use of transverse magnetic focusing to probe the change in trilayer
graphene’s band structure when subjected to an electric field.
4
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Band structure of mono-, bi-, and
tri-layer graphene
2.1 Band structure of monolayer graphene
Monolayer graphene (MLG) has a honeycomb structure in which the unit cell
contains two atoms, A and B sublattices (Fig. 2.1). The lattice vectors are given by
a1 =
a
2
(3,
√
3), a2 =
a
2
(3,−
√
3) (2.1)
where a = 1.42 A˚ is the distance between nearest neighbor atoms. It is worth noting
that in the literature, a is sometimes denoted for the magnitude of the lattice vectors
(|a1| = |a2| =
√
3 × 1.42 A˚). However, in this thesis, I will use a as the distance between
nearest neighbor atoms. The three nearest-neighbor vectors are
δ1 =
a
2
(1,
√
3), δ2 =
a
2
(1,−
√
3), δ3 = −a(1, 0). (2.2)
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Figure 2.1: a, Crystal structure of monolayer graphene in real space. The shaded region at
the center is a unit cell containing atoms in two sublattices, A and B. b, Crystal structure
of monolayer graphene in reciprocal space. The vectors b1 and b2 are reciprocal lattice
vectors and the shaded region is the first Brillouin zone.
In momentum space, the reciprocal-lattice vectors are given by
b1 =
2pi
3a
(1,
√
3), b2 =
2pi
3a
(1,−
√
3). (2.3)
The special points, which play an important role in the band structure of graphene at low
energy, are K and K ′ located at the corners of the first Brillouin zone where the valence
and conduction bands meet. These points are given by
K = (
2pi
3a
,
2pi
3
√
3a
), K ′ = (
2pi
3a
,− 2pi
3
√
3a
) (2.4)
Applying the tight-binding model and limiting oneself to hopping between nearest neigh-
bors, one obtains the following Hamiltonian
HMLG = −γ0
∑
R, σ
[
a†σ(R)bσ(R) + a
†
σ(R)bσ(R− a1) + a†σ(R)bσ(R− a2) + h.c.
]
(2.5)
where aσ(R) (a
†
σ(R)) is an annihilation (creation) operator of a spin-σ electron at sublattice
A, site R and γ0 ≈ 3.1 eV is the hopping parameter between nearest neighbors [49]. One
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Figure 2.2: a, The energy contour plot of the conduction band of MLG (the darker the
color, the lower the energy). The minimum energy of MLG’s conduction band occurs at K
and K ′ points. b, The band structure of MLG. c, Zoom-in of the band structure near one
of the K-points. The valence and conduction bands meet at the K-points, leaving MLG
as a gapless material. The Dirac cones can be seen clearly at low energy.
can diagonalize the Hamiltonian HMLG by changing basis from real space to momentum
space (Fourier transform) by substituting aσ(R) =
1√
N
∑
m
e−i~km·~Rakm, σ. The resulting
Hamiltonian for the basis ψ = (ak, σ, bk, σ) is given by
HMLG = −γ0
 0 s∗(k)
s(k) 0
 (2.6)
where s(k) = 1 + eik·a1 + eik·a2 . Hence, the dispersion relation of MLG is
EMLG(kx, ky) = ±γ0|s(k)| (2.7)
= ±γ0
√√√√1 + 4 cos(√3
2
kya
)
cos
(
3
2
kxa
)
+ 4 cos2
(√
3
2
kya
)
(2.8)
The band structure of MLG is shown in Fig. 2.2. Since one unit cell contains two carbon
atoms and each one contributes one free electron, the band structure is half-filled (EF = 0).
One important aspect of MLG is that it is a gapless material. Its conduction
and valence bands meet at the K and K ′ points (see Fig. 2.1 and 2.2) which makes MLG
7
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a semi-metal. In a transport measurement, charge density can be typically tuned within
±1013 cm−2 which corresponds to ∼±350 meV. Such an energy scale is much smaller than
γ0 and therefore, in transport, charge carriers whose momentum is in the vicinity of the K
and K ′ points can only be probed. By expanding HMLG around one of the K points, one
obtains the low energy HMLG as follows:
HMLG =
3γ0a
2~
 0 px + iξpy
px − iξpy 0
 = vFσ · p (2.9)
where p = ~k is a momentum relative to the K or K ′ points, ξ = ±1 for K and K ′
respectively, vF = 3γ0a/2~, and σ are the Pauli matrices. Equation 2.9 suggests that
an electron in MLG is chiral in the sense that its pseudo-spin is tied to the direction
of momentum. The components or direction of the pseudo-spin describe the weight of
electron’s wave function on A and B sublattices. The eigen-energy of HMLG around the K
points is then given by
E = ±vF|p| (2.10)
This dispersion relation has the same functional form as that of a photon which implies
that low energy electrons in MLG behave as a massless particle moving at the Fermi
velocity of vF ≈ 1 × 106 m/s, independent of energy. This is vastly different from two-
dimensional electron gas (2-DEG) in other systems such as semiconductor heterojunctions
where electrons are massive and non-chiral with the dispersion relation of E = p2/2m∗.
Hence, in this system, the Fermi velocity is vF = pF/m
∗ =
√
2EF/m∗ which depends on
energy.
8
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γ1 γ3
γ4
B2
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A1 B1
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a b
Figure 2.3: a, Crystal structure of Bernal-stacked BLG in which sublattice A1 is sitting
on top of sublattice B2. The hopping parameters γ0 and γ1 describe the hopping between
the nearest intra- and inter-layer respectively. The hopping parameters γ3 and γ4 describe
the hopping between B1 to A2 and B1 to B2, respectively. b, A top view of a.
2.2 Band structure of bilayer graphene
2.2.1 Hamiltonian and dispersion relation of bilayer graphene
Bilayer graphene (BLG) consists of two layers of MLG, with one on top of the
other. The most abundant stacking in nature is Bernal-stacking where sublattice A of the
top layer and sublattice B of the bottom layer are vertically aligned (Fig. 2.3). The unit
cell of BLG then consists of four atoms: A1 and B1 from the top layer and A2 and B2 from
the bottom layer.
In addition to γ0 which describes the nearest intra-layer hopping, one needs to
introduce an extra parameter γ1, the nearest inter-layer hopping energy between A1 and
B2 whose value is ∼0.39 eV [49]. Taking only γ0 and γ1 into account, the Hamiltonian for
9
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BLG can be written as [50]
HBLG =
2∑
i=1
Hi + γ1
∑
R, σ
[
a†1, σ(R)b2, σ(R) + h.c.
]
+HV (2.11)
where Hi is the MLG Hamiltonian for layer i. The second term in Eq. 2.11 represents a
hopping between A1 and B2 with the hopping energy of γ1. The last term describes the
potential difference V between the top and the bottom layers and is given by
HV =
V
2
∑
R, σ
[nA1(R) + nB1(R)− nA2(R)− nB2(R)] (2.12)
where nAi and nBi are number operators on sublattices Ai and Bi respectively. In exper-
iments, a potential difference V can be induced by depositing alkali atoms or employing
dual-gate geometry [51,52].
The Hamiltonian HBLG can again be diagonalized by changing the basis from real
space to reciprocal space. The Hamiltonian in reciprocal space becomes
HBLG =

V/2 −γ0s(k) 0 −γ1
−γ0s∗(k) V/2 0 0
0 0 −V/2 −γ0s(k)
−γ1 0 −γ0s∗(k) −V/2

(2.13)
in the (A1, B1, A2, B2) basis. The eigen-energies are given by
E±±BLG = ±
√
V 2
4
+ E2MLG(k) +
γ21
2
±
√
γ41
4
+ (V 2 + γ21)E
2
MLG(k). (2.14)
Similar to MLG, low-energy states, whose momentum are around K or K ′ points, are
relevant. Expanding s(k) about these two points in momentum space yields γ0s(k) =
vF(px + iξpy) where ξ = ±1 for K and K ′ points respectively.
Since one unit cell contains four atoms, BLG consists of four subbands. Two of
these four subbands are at low energy which can be accessible in transport experiments.
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Figure 2.4: a, The band structure of BLG for V = 0. b, Zoom-in band structure in a near
one of the K points, showing four subbands with two at low energy and the other two at
high energy. c, Zoom-in band structure at low energy. The valence and conduction bands
meet at K points similar to MLG but the dispersion relation in BLG is now parabolic
instead of linear as in MLG.
The other two subbands reside at higher energy (shifted from zero energy by γ1 ∼ 0.39 eV).
These two high-energy subbands are hardly involved and/or accessible in a typical trans-
port measurement, except those which use electrolyte gating techniques which can induce
density high enough to reach the higher energy subbands [53].
Since the two high-energy subbands do not contribute to a usual transport exper-
iment, it is desirable to obtain a hamiltonian at low energy, which involves only electrons
on A2 and B1. Electrons which live on A1 and B2 gain an extra kinetic energy γ1 owing
to the inter-layer hopping and hence exist in the high-energy subbands. The low energy
hamiltonian about the K point is given by [54]
HBLG = − 1
2m∗
 0 (pi†)2
pi2 0
+ V
1
2
 1 0
0 −1
− v2F
γ21
 pi†pi 0
0 −pipi†

 (2.15)
where m∗ = γ1/(2v2F) ∼ 0.034me and pi = px + ipy.
When the potential difference between the layers is zero (V = 0), the dispersion
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relation of BLG becomes parabolic with E = ±p2/2m∗ (Fig. 2.4) as opposed to the linear
dispersion found in MLG. In addition, even though the dispersion in BLG is similar to those
in semiconductor heterostructures, electrons in BLG behave as massive Dirac fermions
owing to the chiral nature of the dispersion relation arising from the two component wave
function.
2.2.2 Band gap opening in bilayer graphene
One unique property of BLG is that a band gap opens in its band structure if a
potential difference V exists between the layers. One of the most common ways to achieve
this is by using top and back gates. These two gates allow for control of density n and
electric displacement field D independently. By applying a displacement field normal to
the BLG plane, a potential difference is induced between layers and the inversion symmetry
of BLG is broken. As a result, a band gap can be opened in BLG.
One can investigate the behavior of the band structure for finite V by expanding
Eq. 2.14 with the assumption vFp V  γ1. The expansion yields [50]
E±−BLG(V, p) ≈ ±
V
2
∓ V v
2
F
γ21
p2 ± v
4
F
γ21V
p4, (2.16)
which results in a “Mexican hat” dispersion (Fig. 2.5b) [55].
Due to this Mexican hat dispersion, the band gap ∆g between conduction and
valence bands is located at finite momentum p =
(2γ21 + V
2)
4(γ21 + V
2)
V 2
v2F
and equal to ∆g =√
γ21V
2
(γ21 + V
2)
. For V  γ1, the band gap ∆g ∼ V , which explains the flat band observed
in Fig. 2.5, because the gap at p = 0 is equal to V . As V is increased, the band gap will
saturate at γ1 [49, 50].
Unlike MLG whose gapless nature remains valid even after electric field is ap-
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Figure 2.5: a, BLG band structure when V = 0 (black lines) and V = 50 meV (red dashed
lines). The two high energy bands are shifted from zero energy by γ1. b, Zoom-in plot of
a. When V = 0 (black lines), BLG has zero band gap. The red dashed lines are the band
structure when V = 50 meV, showing a maxican hat dispersion.
plied, the ability to induce a band gap has attracted significant interest in using the BLG
to replace silicon in semiconductor devices. Such a band gap would allow a higher current
on/off ratio as density is tuned across the charge neutrality point. However, disorder still
remains a challenge for researchers to fully utilize BLG. Since disorder can cause potential
fluctuations resulting in electron-hole puddles near the charge neutrality point [56], elec-
trons can hop between different puddles which reduces the current on/off ratio significantly.
This issue will be discussed in detail in Chapter 4.
2.2.3 Trigonal warping and electron-hole asymmetry
Up to now, only the nearest intra- and inter-layer hopping parameters γ0 and γ1
have been taken into account. In this section, two additional hopping parameters will be
considered, namely γ3, which describes the coupling between B1 and A2, and γ4 which
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Figure 2.6: a, Fermi surface of BLG when γ3 = 0 for EF = 1, 10, 50, 100 meV (inner to
outer circles). b, Fermi surface of BLG when γ3 = 0.315 eV for the same Fermi energies as
in a. The trigonal warping effect can be seen clearly as a result of finite γ3. In addition, at
low energy, the Fermi surface deforms into four separate pockets. γ4 = 0 for both panels.
describes the coupling between A1 and A2 or B1 and B2 (Fig. 2.3). Incorporating these
two parameters, one obtains the following Hamiltonian [57]:
HBLG =

V/2 vFpi
† −v4pi γ1
vFpi V/2 v3pi
† −v4pi
−v4pi† v3pi −V/2 vFpi†
γ1 −v4pi† vFpi −V/2

(2.17)
where vi = 3γia/2~. The parameters I use here follow the convention of the Slonczewski-
Weiss-McClure parameterization [58].
Let me first consider the effect of γ3. This hopping parameter deforms the Fermi
surface from circular to triangle-like shapes as shown in Fig. 2.6. This effect is called
trigonal warping. In addition, at low energy, one observes Lifshitz transition at which a
single Fermi surface splits into four separate pockets (Fig. 2.6). For γ3 = 0.315 eV, the
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Figure 2.7: a, Low energy band structures of BLG for V = 0 meV when γ4 = 0 eV (black
line) and γ4 = 0.15 eV (red line). Electron-hole asymmetry can be seen when γ4 6= 0 as
the valence band is larger than the conduction band. b, Low energy band structures of
BLG for V = 50 meV when γ4 = 0 eV (black line) and γ4 = 0.15 eV (red line). Similar
Electron-hole asymmetry is also present.
Lifshitz transition occurs at E ∼ 1 meV which corresponds to a very small density of
1× 1010cm−2 or 140 mV in back gate voltage for a typical 300 nm SiO2 dielectric. Hence,
an extremely high quality sample is needed in order to observe the Lifshitz transition.
Another small correction to BLG’s band structure comes from the γ4 hopping
parameter. Its value reported in literature is determined experimentally from graphite
or theoretically from first principles calculation and ranges from a few tens of meV to a
hundred meV [49,58]. The effect of γ4 is to introduce electron-hole asymmetry to the band
structure as shown in Fig. 2.7.
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2.3 Band structure of trilayer graphene
The two common stackings in trilayer graphene (TLG) are Bernal (ABA) and
rhombohedral (ABC). A study employing Raman spectroscopy has found that, for many
exfoliated TLG flakes, about 85 % of the TLG area is ABA stacking while the other 15
% is ABC stacking [59]. Due to their difference in stacking, ABA and ABC trilayer
graphenes have vastly different electronic properties. For ABC, the crystal structure has
inversion symmetry while ABA does not. This implies that the valley degeneracy for ABC
is protected [60]. However, even though ABA’s crystal structure does not have inversion
symmetry, it possesses mirror symmetry which allows for a decomposition of the ABA
Hamiltonian into monolayer and bilayer Hamiltonians.
2.3.1 Simple model band structure
I first concentrate on a simple model in which only γ0 and γ1 are considered. This
will provide a general idea of the difference among MLG, BLG, and TLG as well as the
difference between ABA and ABC. In addition, I will continue to consider momentum in
the vicinity of the K point, which is accessible in a transport experiment.
ABC trilayer graphene
For ABC trilayer graphene, the nearest inter layer hopping parameter γ1 connects
between B1 and A2 as well as B2 and A3. The Hamiltonian is given by, in the basis of
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Figure 2.8: a-b, Crystal structures of ABA and ABC trilayer graphene respectively. c-d,
Band structures of ABA and ABC trilayer graphene when only γ0 and γ1 are taken into
account. e-f, Low-energy band structure of ABA and ABC trilayer graphene when only
γ0 and γ1 are taken into account. ABA trilayer graphene has two subbands at low energy
while ABC trilayer graphene only has one.
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A1, B1, A2, B2, A3, and B3,
HABC =

U1 vFpi
† 0 0 0 0
vFpi U1 γ1 0 0 0
0 γ1 U2 vFpi
† 0 0
0 0 vFpi U2 γ1 0
0 0 0 γ1 U3 vFpi
0 0 0 0 vFpi
† U3

(2.18)
where Ui is the onsite potential for layer i. Such Hamiltonian results in three subbands,
one at low energy and the other two at high energy (Fig. 2.8). Similar to BLG, those two
bands at high energy are not relevant for a typical transport experiment. Hence, a low
energy effective Hamiltonian provides better insight into the system better than the full
6× 6 Hamiltonian. The two-component Hamiltonian in the basis of A1 and B3 is [61]
H
(eff)
ABC =
v3F
γ21
 0 (pi†)3
pi3 0
+ ∆1(1− v2Fp2
γ21
) 1 0
0 −1
+ ∆2(1− 3v2Fp2
γ21
) 1 0
0 1

(2.19)
where ∆1 = (U1 − U3)/2 and ∆2 = (U1 − 2U2 + U3)/6. When ∆1 = ∆2 = 0 (no potential
difference between layers is induced), the dispersion relation for ABC trilayer is E =
±v3Fp3/γ21 (Fig. 2.8f) in contrast to E = vFp in MLG or E = v2Fp2/γ1 in BLG. The second
term on the right hand side of Eq. 2.19 involves the potential difference between the top
and bottom layers ∆1. This term is responsible for the opening of the band gap as an
electric field is applied normal to the graphene plane [62, 63]. The third term results in a
shift in energy as both diagonal elements have the same sign. The value of ∆2 is typically
very small compared to ∆1 as it involves a non-linear part of the screening which is a
second order effect.
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ABA trilayer graphene
For ABA trilayer graphene, the nearest-neighbor inter layer hopping parameter
γ1 connects between B1 and A2 as well as A2 and B3 (in contrast to B2 and A3 in ABC
trilayer graphene). The Hamiltonian is given by, in the basis of A1, B1, A2, B2, A3, and
B3 [60],
HABA =

U1 vFpi 0 0 0 0
vFpi U1 γ1 0 0 0
0 γ1 U2 vFpi
† 0 γ1
0 0 vFpi U2 0 0
0 0 0 0 U3 vFpi
†
0 0 γ1 0 vFpi U3

(2.20)
In order to obtain insight intoHABA, the current basis is transformed into a new basis which
respects the mirror reflection symmetry in ABA trilayer graphene, namely (A1−A3)/√2,
(B1 − B3)/√2, (A1 + A3)/√2, B2, A2, and (B1 + B3)/√2. Under this new basis, the
Hamiltonian reads
HABA =
 Hm Ξ
Ξ† Hb
 , (2.21)
where
Ξ =
 ∆1 0 0 0
0 0 0 ∆1
 , Hm =
 ∆2 vFpi†
vFpi ∆2
 , (2.22)
and
Hb =

∆2 0 0 vFpi
†
0 −2∆2 vFpi 0
0 vFpi
† −2∆2
√
2γ1
vFpi 0
√
2γ1 ∆2

. (2.23)
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One important feature, under the new basis, is that the Hamiltonian can be
decomposed into MLG-like and BLG-like Hamiltonians Hm and Hb respectively. The only
difference is that, in the BLG-like Hb, the nearest inter-layer coupling γ1 becomes
√
2γ1.
When ∆1 = 0, the off-diagonal block Ξ is zero and MLG-like and BLG-like sectors do not
interact. Hence, at low energy, the band structure of ABA trilayer graphene consists of a
linear dispersion from the MLG-like subband and a parabolic dispersion from the BLG-like
subband (Fig. 2.8c and e).
2.3.2 Full-parameter model band structure
The hopping parameters γ0 and γ1 are generally enough to explain most exper-
imental data in MLG and BLG. However, it has been shown that higher order hopping
parameters are necessary in order to explain the quantum Hall effect found in ABA trilayer
graphene which will be discussed in detail in chapter 5 [46]. Therefore, in this section, a
full-parameter model will be used to consider the band structures of ABA and ABC tri-
layer graphene. The parameters I use here will follow the convention from Slonczewski,
Weiss, and McClure (SWMcC) [58]. In addition to γ0 and γ1, I have already discussed
the effect of γ3 and γ4 in the BLG section. For TLG, the extra parameters have to be
introduced in order to fully describe the band structure are γ2, γ5, and δ.
The parameters γ2 and γ5 describe the hopping energy between vertically aligned
sites from layers 1 and 3 without and with a site in between from the middle layer, respec-
tively. Therefore, γ2 connects A1 and A3 lattice sites for ABA trilayer graphene and A1
and B3 lattice sites for ABC trilayer graphene, while γ5 is only present in ABA trilayer
graphene and connects B1 and B3. (Fig. 2.8a and b). Finally, δ describes the on-site
energy difference between A1, B2, A3 and B1, A2, B3 in ABA trilayer graphene. The
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Figure 2.9: a-b, Band structures of ABA and ABC trilayer graphene with the following
hopping parameters γ0 = 3.1, γ1 = 0.39, γ2 = −0.028, γ3 = 0.315, γ4 = 0.041, γ5 = 0.05,
δ = 0.046 eV, and ∆1 = ∆2 = 0 meV. c-d Band structures of ABA and ABC trilayer
graphene with the same hopping parameters as in a and b but with ∆1 = 50 meV and
∆2 = 0 meV.
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full-parameter Hamiltonians for ABC and ABA trilayer graphene are given by [61] in the
basis of A1, B1, A2, B2, A3, B3
HABC =

U1 vFpi
† −v4pi† v3pi 0 γ2/2
vFpi U1 γ1 −v4pi† 0 0
−v4pi γ1 U2 vFpi† −v4pi† v3pi
v3pi
† −v4pi vFpi U2 γ1 −v4pi†
0 0 −v4pi γ1 U3 vFpi
γ2/2 0 v3pi
† −v4pi vFpi† U3

(2.24)
and
HABA =

U1 vFpi −v4pi† v3pi γ2/2 0
vFpi U1 + δ γ1 −v4pi† 0 γ5/2
−v4pi γ1 U2 + δ vFpi† −v4pi γ1
v3pi
† −v4pi vFpi U2 v3pi† −v4pi
γ2/2 0 −v4pi† v3pi U3 vFpi†
0 γ5/2 γ1 −v4pi† vFpi U3 + δ

(2.25)
For HABA, one changes the basis to reflect the mirror symmetry, similar to the
simple model case. As a result, HABA becomes
HABA =
 Hm Ξ
Ξ† Hb
 , (2.26)
where
Ξ =
 ∆1 0 0 0
0 0 0 ∆1
 , Hm =
 ∆2 − γ2/2 vFpi†
vFpi ∆2 − γ5/2 + δ
 ,
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Hb =

∆2 + γ2/2
√
2v3pi −
√
2v4pi
† vFpi†
√
2v3pi
† −2∆2 vFpi −
√
2v4pi
−√2v4pi vFpi† −2∆2 + δ
√
2γ1
vFpi −
√
2v4pi
† √2γ1 ∆2 + γ5/2 + δ

.
Even though a few extra parameters have been included to HABA, its general characteristics
remain unchanged: HABA can still be divided into MLG-like and BLG-like sectors with
the same off-diagonal matrix Ξ. The difference between HBLG and Hb (the BLG-like sector
of HABA) is that γ1, v3, and v4 become
√
2γ1,
√
2v3, and
√
2v4.
The band structures for ABA and ABC trilayer graphene with the full parameter
model are shown in Fig. 2.9 for ∆1 = 0 and 50 meV and ∆2 = 0. The values of the SWMcC
parameters are taken from Taychatanapat et al. on ABA trilayer graphene [46]. For ABA
trilayer graphene (Fig. 2.9a), the MLG-like and BLG-like subbands are present with small
band overlap between them. This band overlap and the small band gap in the MLG-
like and BLG-like subbands are due to finite γ2, γ5, and δ, which appear in the diagonal
elements of Hm and Hb causing the bands to shift relatively in energy. For ABC trilayer
graphene (Fig. 2.9b), the p3 dispersion relation from the simple model is no longer the
case. A finite value of γ3 induces trigonal warping and causes the valence and conduction
bands to meet at finite momenta instead of at the K point.
The potential difference ∆1 also has different effects on ABA and ABC trilayer
graphene. For ABA trilayer graphene, a finite value of ∆1 results in a non-zero off diag-
onal matrix Ξ (Eq. 2.26) which causes hybridization between monolayer- and bilayer-like
subbands. As a result, a small band gap opens near zero energy and the monolayer-like
subband shifting away from zero energy (Fig. 2.9c). For ABC trilayer graphene, a finite
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Figure 2.10: a, Fermi surface of ABA trilayer graphene in the electron regime with the
same band parameters as in Fig. 2.9a for EF = 0.4, 5, 30, 70 meV (from blue to green
lines). b, Fermi surface of ABA trilayer graphene in the hole regime for EF = −13, −14.2,
−30, −60 meV. c, Fermi surface of ABC trilayer graphene in the electron regime with the
same band parameters as in Fig. 2.9b for EF = 10, 14.3, 20, 38 meV. d, Fermi surfaces of
ABC trilayer graphene in the hole regime for EF = −10, −14.3, −20, −38 meV.
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∆1 induces a sizable band gap opening, larger than BLG for the same displacement field.
A Lifshitz transition may be more easily observed in ABC trilayer graphene as it
occurs at a much higher density than in BLG. For example, using band parameters obtained
from ABA trilayer graphene, the density needed to observe the Lifshitz transition in ABC
trilayer graphene is about 7 × 1011cm−2 for electron regime and −6 × 1011cm−2 for hole
regime, corresponding to back gate voltage of 9.8 and −8.4 V for 300 nm SiO2 dielectric.
These densities are almost two orders of magnitude larger than the density for the Lifshitz
transition in BLG (∼1× 1010cm−2).
2.4 Interaction effects on band structure
In an ultra-clean sample, the band structure in graphene can get modified due to
interaction effects. For example, in a suspended monolayer graphene, the Fermi velocity vF
which is supposed to be a constant in the single-particle picture increases at low density and
reaches 3×106 m/s at n < 1010 cm−2, three times higher than the typical value observed in
a more disordered sample [24]. Electron-electron interactions are believed to play a major
role as screening becomes increasingly weaker at low density. In bilayer graphene, while
the non-interacting model results in a gapless band structure, electron-electron interactions
can lead to a finite band gap at zero electric field and zero magnetic field [28,30,31].
Furthermore, interaction with a substrate can also lead to a change in band struc-
ture. For example, graphene on hBN forms an angle-dependent moire´ pattern. As a result,
graphene is subjected to a weak periodic potential from hBN substrates. Such a potential
induces a formation of new superlattice Dirac peaks at higher energy [64] and Hofstadter’s
butterfly at finite magnetic field [65,66].
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Quantum Hall effect in mono-, bi-,
and tri-layer graphene
The quantum Hall effect (QHE) is a phenomenon which occurs in a two-dimensional
electron gas (2DEG). When electrons in a 2DEG are subjected to a high magnetic field, its
Hall resistance becomes quantized at some integer multiple of h/e2 = 25.81 k Ω, instead of
being linear with magnetic field. It was first discovered in the inversion layer of MOSFETs
in the 1980s by K. von Klitzing, G. Dorda and M. Pepper [67]. Later, most QHE ex-
periments were performed on high-quality semiconductor heterostructures, particularly on
gallium arsenide. Graphene also hosts a 2DEG whose electrons behave as Dirac fermions,
as opposed to normal massive electrons in the semiconductor heterostructures. As a result,
the QHE in graphene has become one of the most intense research topics in recent years.
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3.1 Introduction to quantum Hall effect
Semiclassically, electrons in an applied magnetic field will experience the Lorentz
force forcing them to move in a closed orbit, obeying the following equation of motion
~
d
dt
k = (−e) d
dt
r ×B. (3.1)
Even though this semiclassical picture can be used to explain some phenomena, such as
the classical Hall effect and transverse magnetic focusing, which will be discussed in detail
in Chapter 6, it fails to explain the quantization of the Hall conductance in the quantum
Hall effect. A fully quantum-mechanical treatment is required in order to explain such
quantization.
Landau level for a non-relativistic particle
The non-relativistic hamiltonian for an electron in semiconductor heterostructures
is simply a free electron H = p2/2m∗ where m∗ is the effective mass. At zero magnetic
field, the density of states (DoS) is constant and given by DoS = gsgv
m
2pi~2
where gs and
gv are spin and valley degeneracies. Once a magnetic field is applied perpendicular to the
plane B = Bzˆ, the momentum operator will be transformed to
p→ Π = p+ eA(r) (3.2)
where A is the vector potential obeying the identity ∇ × A = B. Here, I will use the
Landau gauge AL(r) = B(−y, 0, 0) which yields the following Hamiltonian
H =
[p+ eA(r)]2
2m∗
=
1
2m∗
(px − eBy)2 + p2y (3.3)
27
Chapter 3: Quantum Hall effect in mono-, bi-, and tri-layer graphene
vxx
vxyIc1
c2 c3
c4
c5c6
B
Extended states
Localized states
E
ne
rg
y
Density of states 
N+1
N+2
N
N-1
N+2N+1NN-1
Filling factor (gs gv) 
σ
xy
 (g
s g
v 
e2
/h
)
a
µL µR
µL
µR
σ
xx  (a.u.)
0
1
b
d e
c
E
ne
rg
y
y 0 W
Figure 3.1: a, Hall bar geometry with four-terminal measurement configuration. The
longitudinal resistance Rxx = Vxx/I and the Hall resistance Rxy = Vxy/I. b A cartoon
depicting edge states (blue and red curves) and localized states in the bulk (black lines),
c, Landau levels as a function of distance from one edge to the other. The confining
potential at the edges causes the LLs to rise up in energy. d, Density of states showing LL
broadening from potential fluctuation in the bulk. Extended states are saturated about the
center of LLs while localized states live in the tails. e, Hall conductance σxy =
ρxy
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2
xy
and longitudinal conductance σxx =
ρxx
ρ2xx + ρ
2
xy
as a function of filling factor.
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Since the vector potential only depends on y, px is a constant and can be eliminated from
the hamiltonian by using A(r) = AL + (px/e, 0, 0) (I have used the fact that A is unique
up to the addition of the gradient of an arbitrary derivable function). With the new vector
potential, the Hamiltonian becomes H =
1
m∗
(
(eBy)2 + p2y
)
. Defining the ladder operators
a =
1√
2
(
y
lB
− i p
p0
)
and a† =
1√
2
(
y
lB
+ i
p
p0
)
where lB =
√
~/eB = 26 nm/
√
B[T] and
p0 =
√
~eB, the Hamiltonian now reads
H = ~ωc
(
a†a+
1
2
)
, (3.4)
where ωc = eB/m
∗. Therefore, the eigen-energies of the system become quantized into
levels called Landau levels (LLs) and their value is given by E(B,n) = ~ωc(n+ 1/2) where
n = 0, 1, . . .. It is worth noting that the energy of a Landau level for non-relativistic
particles is linear in B, and there is no zero energy state. These two properties are the
main difference between non-relativistic fermions and the massless Dirac fermions in MLG,
which I will discuss in the next section.
One important question regarding each Landau level is its degeneracy, i.e. how
many electrons a Landau level can hold. From the derivation, it is evident that the eigen-
energy does not depend on momentum in the x-direction, px. Hence, the number of states
will be proportional to the possible values of px as well as the spin and valley degrees of
freedom. Since the wave function has to reside inside the sample, one can show from Eq. 3.3
that the value of px has to be between 0 and eBW , where W is the width of the sample.
Using periodic boundary conditions, the value of px is an integer multiple of p
0
x = 2pi~/L
where L is the length of the sample. This implies that the number of possible states for px
per unit area is nB = B/(h/e). Hence, taking spin and valley degeneracies into account,
each Landau level contains gvgsnB states. One often is interested in the number of filled
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Landau levels. Therefore, it is useful to define the dimensionless quantity ν = ne/nB called
the filling factor, where ne is the electron density.
Bulk and Edge states
One assumption which is often made when one calculates Landau levels is that the
sample size is infinite. However, a real sample has finite size and, therefore, the electrons
are subjected to a confining potential at the edges which causes the energy of the Landau
level to rise up (Fig. 3.1c). Therefore, when one considers conductance in the quantum
Hall regime, the sample has to be divided into two regions, namely the edge and the bulk.
In addition, states in a Landau level in the bulk are not completely degenerate owing
to disorder which induces a spatially-varying potential. This causes the Landau level to
broaden. Furthermore, electrons in the bulk whose energy is away from the center of a
Landau level become localized. For example, if the Landau level is much less than half-filled,
the occupied states will form islands across the sample with a gapped region in between
(Fig. 3.1b). As a result, electrons on these islands cannot propagate from one end to the
other and the bulk becomes insulating. As density is increased to near half-filled Landau
level (the center of LLs), the islands grow larger and merge together to form a pathway for
electrons to percolate through the sample. As a result, the bulk becomes conductive. This
happens repeatedly as the density is tuned from one LL to another (Fig. 3.1d)
Along one edge, electrons will propagate in a skipping orbit fashion in the direction
opposite to that from the edge from the other side (Fig. 3.1b). If the Fermi energy is such
that the bulk is insulating, this will prevent electrons along the edge from back scattering
because, in order to propagate backward, they would need to scatter to the opposite edge
which has been prevented by the insulating bulk. Therefore, the longitudinal resistance
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Rxx = Vxx/I is zero because there is no drop in voltage (Fig. 3.1d and e, blue and magenta
dots). If the Fermi energy is around the center of a Landau level (half filled LL), the
bulk becomes conductive. Hence, it is possible for electrons, propagating along one edge,
to back scatter as they can now travel to the opposite side through the conductive bulk.
As a result, there is some voltage drop and Rxx becomes finite (Fig. 3.1c and d, green
dot). The oscillations observed in Rxx at finite magnetic field are called Shubnikov-de
Haas oscillations.
I now concentrate on the quantization of Hall resistance Rxy. When the Fermi
energy is between two LLs (completely filled LL), the bulk is insulating and electrons
propagating along the edges effectively travel in one dimension. Since backscattering is
suppressed, electrons entering edge states from the left and the right will maintain their
electrochemical potential at µL and µR respectively. Electrons moving in one dimensional
channel will have a conductance equal to gvgsN
e2
h where N is the number of modes which
is equal to the number of LLs below the Fermi energy. Therefore, the net current from the
left to the right contacts is given by
I = gvgsN
e2
h
(µL − µR)
e
= gvgsN
e2
h
Vxy = ν
e2
h
Vxy (3.5)
and the Hall conductance is σxy = gvgsN
e2
h
= ν
e2
h
, when Rxx = 0.
The plateaus observed in Hall resistance or conductance require the presence of
disorder. As density is increased away from a completely filled LL, injected electrons will
enter the bulk and be localized somewhere in the bulk. Hence, they do not contribute to
the transport measurement. As a result, the Hall conductance stays constant as density
is tuned between fully occupied LLs and shows up as a plateau in quantum Hall regime.
As density is increased further to reach the center of the LL where extended states lie,
31
Chapter 3: Quantum Hall effect in mono-, bi-, and tri-layer graphene
2
6
10
14
-2
-6
-10
-14
2 6 10 14-2-6-10-14
Filling factor 
σ
xy
 (e
2 /h
)
0 3 6 9
0
50
100
150
-50
-100
-150
Magnetic field (T)
E
ne
rg
y 
(m
eV
)
a b
E
ne
rg
y
Density of states 
Figure 3.2: a, Landau levels in MLG as a function of magnetic field. b, Hall conductance
in MLG as a function of filling factor. Inset: Density of states as a function of energy.
electrons in the bulk can now propagate across the sample and edge states can backscatter.
The value of the Hall conductance thus varies to reach a new plateau.
3.2 Quantum Hall effect in monolayer graphene
Due to the chiral and massless nature of electrons in MLG, the QHE in MLG dis-
plays new features which do not exist for non-relativistic electrons in conventional 2DEGs.
In this section, I will investigate these new features, namely the zero energy Landau level
and half-integer QHE.
Landau levels in monolayer graphene
Using the Hamiltonian in Eq. 2.9, I again replace p→ p+eA(r) and the operator
pi = px + ξipy can be rewritten as pi =
√
2~eBa for the K valley or pi =
√
2~eBa† for the
K ′ valley. The Hamiltonian at a finite magnetic field in the vicinity of the K point thus
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reads
HBMLG = vF[p+ eA(r)] · σ =
√
2
~vF
lB
 0 a
a† 0
 . (3.6)
The eigen-energy can be obtained by considering
(HBMLG)
2 = 2
(
~vF
lB
)2  a†a+ 1 0
0 a†a
 (3.7)
where I have used the identity [a, a†] = 1. Since a†a is the number operator nˆ, HBMLG
can be diagonalized by the eigenstates ψn = [|n− 1〉 ,± |n〉]† for n 6= 0 and ψ0 = [0, |0〉]†
for n = 0 for the K valley. Similarly, the eigenstates for the K ′ valley are given by
ψn = [|n〉 ,± |n− 1〉]† for n 6= 0 and ψ0 = [|0〉 , 0]† for n = 0. As a result, the energy of the
Landau levels for MLG is given by
EMLG(B,n) = ±~vF
lB
√
2n = ±vF
√
~eB
√
2n (3.8)
The differences between the Landau levels in MLG and non-relativistic particles are evident.
First, the energy of the Landau levels in MLG is proportional to
√
B and
√
n instead of
B and n. Second, the Landau levels in MLG have both positive and negative energies.
Most importantly, there exists the zero-energy Landau level which results in a half-integer
quantum Hall effect (σxy = 4(n + 1/2)e
2/h where the factor of 4 comes from valley and
spin degeneracies).
To understand how the zero-energy LL can produce the half-integer QHE, one
needs to look at the behavior of the zero-energy LL from the K and K ′ valleys as it
approaches the edge. Since spin degeneracy does not get affected by the edge, let me
ignore it for the moment. For the armchair edge, the K and K ′ degeneracy is lifted near
the edges as the energy of one valley disperses up while the other valley disperses down. As
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Figure 3.3: a, Landau levels in BLG as a function of magnetic field. b, Hall conductance
in BLG as a function of filling factor for the case of V = 0. The 8-fold degenerate LL is
evident at zero filling factor when the conductance plateaus change from −4e2/h to 4e2/h.
Inset: Density of states as a function of energy.
a result, one ends up with odd number of modes. For the zigzag edge, the K valley morphs
into dispersionless surface mode which does not contribute to the edge current. However,
the K ′ valley mixes with the surface mode and give rise to two dispersing edge states, one
up and one down in energy [68]. Hence, both armchair and zigzag edges result in the odd
number of modes and once spin degeneracy is taken into account, the Hall conductance is
2(2n+ 1)e2/h as observed experimentally.
3.3 Quantum Hall effect in bilayer graphene
For BLG, the low-energy effective hamiltonian in Eq. 2.15 is considered. I first
neglect the effect of a potential difference between layers V . Similar to MLG, I replace pi
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by
√
2~eBa which results in the following Hamiltonian:
HBBLG = ~ωc
 0 a2
(a†)2 0
 → (HBBLG)2 = (~ωc)2
 a2(a†)2 0
0 (a†)2a2
 (3.9)
where ωc = eB/m
∗. It can be shown that a2(a†)2 = (nˆ+ 1)(nˆ+ 2) and (a†)2a2 = (nˆ− 1)nˆ.
Hence, the eigen-state is ψ = [0, |0〉]† and [0, |1〉]† for n = 0, 1 and ψ = [|n− 2〉 ,± |n〉]† for
n ≥ 2. The energy of a LL is
EBLG(B,n) = ±~
(
eB
m∗
)
= ±~ωc
√
n(n− 1). (3.10)
Now, the energy of a LL depends linearly on B, the same as the non-relativistic case.
In contrast, the energy depends on
√
n(n− 1) instead of n + 1/2 on the non-relativistic
case. It is evident that both the zeroth and first LLs are degenerate and have zero energy.
Therefore, the zero-energy LL in BLG has 8-fold degeneracy coming from spin, valley, and
n = 0 and 1 while other LLs only have 4-fold degeneracy from spin and valley. Thus, the
Hall conductance is given by σxy = ±Ne2/h where N = 4, 8, 12, . . ..
Now reintroducing a finite potential difference V , the 8-fold degeneracy for the
zero energy LL is lifted. This electric field breaks inversion symmetry and the valley
degeneracy is lifted. In fact, charge carriers for the K valley in the zero-energy LLs reside
in the bottom layer while those for the K ′ valley reside in the top layer (see eigen-states
for the zero-energy LLs). Hence, with an applied electric field, those charge carriers are
subjected to different on-site potential causing the 8-fold LL to split into two 4-fold LLs.
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Figure 3.4: a, Landau levels in ABC trilayer graphene as a function of magnetic field.
b, Hall conductance in ABC trilayer graphene as a function of filling factor. The 12-fold
degeneracy of zero-energy LL is evident at zero filling factor when the conductance plateaus
change from −6e2/h to 6e2/h. Inset: Density of states as a function of energy.
3.4 Quantum Hall effect in trilayer graphene
Quantum Hall effect in ABC trilayer graphene
I first concentrate on ABC trilayer graphene whose electronic properties are a
natural extension of those in MLG and BLG. Since only the low-energy band is involved
in electronic transport measurement, the low-energy Hamiltonian is considered:
HBABC =
v3F(2~eB)3/2
γ21
 0 a3
(a†)3 0
 → (HBABC)2 = v6F(2~eB)3γ41
 a3(a†)3 0
0 (a†)3a3

(3.11)
Similar to both MLG and BLG cases, the diagonal entries of (HBABC)
2 can be rearranged
as a3(a†)3 = (nˆ + 1)(nˆ + 2)(nˆ + 3) and (a†)3a3 = (nˆ − 2)(nˆ − 1)nˆ. The eigen-states of
HBABC are thus ψ = [0, |n〉]† for n = 0, 1, 2 and ψ = [|n− 3〉 ,± |n〉]† for n ≥ 3 and the
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eigen-energies are
EABC(B,n) = ±v
3
F(2~eB)3/2
γ21
√
n(n− 1)(n− 2) (3.12)
The energy of a LL is therefore proportional to B3/2 instead of
√
B or B as
in MLG and BLG respectively. And its dependence of LL index is
√
n(n− 1)(n− 2) as
opposed to
√
n and
√
n(n− 1) for MLG and BLG. As a result, the zeroth, first, and
second LLs all live at zero energy, resulting in 12-fold degeneracy while other LLs have
4-fold degeneracy. The first conductance plateau will be observed at ±6e2/h and then
followed by ±10e2/h,±14e2/h, . . .. This sequence of plateaus is the same as MLG except
the absence of ±2e2/h plateaus.
Quantum Hall effect in ABA trilayer graphene
As mentioned in section 2.3, the Hamiltonian of ABA trilayer graphene can be
divided into MLG-like and BLG-like sectors. The interaction between these two sectors
depends only on the potential difference between the first and the third layers (∆1 =
(U1 − U3)/2). If ∆1 = 0, these two sectors do not interact and the quantum Hall effect in
ABA trilayer graphene will be the combination of those from MLG and BLG (Fig. 3.5).
The small difference arises in the BLG-like sector as the value of γ1 now becomes
√
2γ1.
As a result, the cyclotron gap in BLG-like sector of ABA trilayer graphene is smaller than
that of BLG by a factor of
√
2.
At zero energy, there lies the zeroth LL from MLG-like subband and the zeroth and
first LLs from BLG-like subband. Hence, the zero-energy LL in ABA trilayer graphene has
the same 12-fold degeneracy as that in ABC trilayer graphene. However, the coexistence
of these subbands leads to Landau level crossings which do not occur in ABC trilayer
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Figure 3.5: a, Landau levels from MLG-like subband (blue lines) and BLG-like subband
(red lines) in ABA trilayer graphene as a function of magnetic field. Due to their different
dependence on B, the LLs from these two subbands cross at finite B and density, resulting
in 8-fold degenerate LL at the crossings. b, Hall conductance in ABA trilayer graphene as
a function of filling factor. Inset: Density of states as a function of energy.
graphene. Since EMLG ∼
√
B and EBLG ∼ B, the LLs from these two subbands have to
cross at some finite magnetic fields and filling factors (Fig. 3.5). At the crossing points,
the degeneracy increases to 8-fold because each of the crossing LLs has 4-fold degeneracy.
Quantum Hall effect in TLG with full parameter model
So far, the energy of LLs is calculated within a simple model in which only γ0
and γ1 are taken into account. In this section, I will outline a numerical method used to
calculate LLs for full-parameter model which is necessary to explain experimental data of
QHE in ABA trilayer graphene (chapter 5).
To calculate LLs in the full-parameter model, one needs to start from 6-by-6
Hamiltonians in Eq. 2.24 and 2.25 for ABC and ABA trilayer graphene, respectively. I
again replace pi with
√
2~eBa for the K point and
√
2~eBa† for the K ′ point. The result-
ing Hamiltonians are too complicated to diagonalize analytically. Therefore, a numerical
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Figure 3.6: a, LLs of ABC trilayer graphene using full-parameter model with γ0 = 3.1,
γ1 = 0.39, γ2 = −0.028, γ3 = 0.315, γ4 = 0.041, and U1 = U2 = U3 = 0 eV. b, LLs of
ABA trilayer graphene using full-parameter model with γ0 = 3.1, γ1 = 0.39, γ2 = −0.028,
γ3 = 0.315, γ4 = 0.041, γ5 = 0.05, δ = 0.046 and U1 = U2 = U3 = 0 eV [46]. The red and
black lines in both a and b are spin-degenerate LLs for K and K ′ valleys.
calculation is needed. To diagonalize the hamiltonians numerically, I will work in the basis
of |n〉 which satisfies the relations a |n〉 = √n |n− 1〉 and a† |n〉 = √n+ 1 |n+ 1〉. In the
matrix form, a can be expressed as
a =

0
√
1 0 0 · · · 0 · · ·
0 0
√
2 0 · · · 0 · · ·
0 0 0
√
3 · · · 0 · · ·
0 0 0 0
. . .
... · · ·
...
...
...
...
. . .
√
n · · ·
0 0 0 0 · · · 0 . . .
...
...
...
...
...
...
. . .

(3.13)
whose dimension is infinite. The matrix a needs to be truncated to a finite dimension for
numerical calculation. For instance, if LLs between LL index ±30 are needed, one might
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want to truncate a to ∼100-by-100 dimension which would result in a Hamiltonian of
600-by-600 dimension to diagonalize. An unwanted consequence of truncating a is that it
creates extra “parasitic” LLs at low energy. To eliminate these extra LLs, the eigenvectors
have to be examined because some of the entries from these parasitic LLs are unusually
large. This allows one to distinguish real LLs from the parasitic ones. Figures 3.6a and b
show LLs calculated numerically using the full-parameter model for ABC and ABA trilayer
graphene respectively. These higher order hopping parameters break valley degeneracy and
the LLs from the K and K ′ valleys (Fig. 3.6 red and blue lines) are no longer degenerate.
One thing which still remains the same for both simple and full-parameter models is that
Landau level crossings exist only in ABA trilayer graphene. Therefore, this would allow
for the use of quantum Hall measurement to distinguish between ABA and ABC trilayer
graphene. In chapter 5, the effect of each parameter on the LLs will be discussed in detail.
Also, the position of the crossings in B–ν space will be utilized to determine the SWMcC
parameters.
3.5 Beyond single-particle picture
I thus far have discussed the quantum Hall effect within the single-particle frame-
work and have ignored the effect of electron-electron interactions. However, several ex-
periments have observed broken-symmetry states in MLG and BLG or even the fractional
quantum Hall effect in MLG. In these broken-symmetry states, the valley and/or spin
degeneracies are lifted by means of electron-electron interactions. They are generally ob-
served in very clean devices because the energy scale of electron-electron interactions is
very small, and as a result disorder could prevent one from observing these states. In ad-
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dition, the strength of the interaction also depends on electron density and it is strongest
in the vicinity of zero density due to reduced screening. Even though much effort has been
put to investigating these interaction-driven states, their nature is still under debate, and
further work is necessary.
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Chapter 4
Electronic transport in dual-gated
bilayer graphene at large
displacement fields
Abstract
We study the electronic transport properties of dual-gated bilayer graphene devices. We
focus on the regime of low temperatures and high displacement fields, where we observe
a clear exponential dependence of the resistance as a function of displacement field and
density, accompanied by a strong non-linear behavior in the transport characteristics. The
effective transport gap is typically two orders of magnitude smaller than the optical band
gaps reported by infrared spectroscopy studies. Detailed temperature dependence measure-
ments shed light on the different transport mechanisms in different temperature regimes.
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4.1 Introduction
The ability to electrostatically tune and deplete the charge density in two dimen-
sional electron gases enables the fabrication of basic mesoscopic devices, such as quantum
point contacts or quantum dots, which enhance our understanding of electronic transport
in nanostructures [69]. Creating such electrically tunable nanostructures in monolayer
graphene, a novel two-dimensional system [3], is far more challenging due to its gapless
nature. In this respect, Bernal-stacked bilayer graphene (BLG) is an interesting material,
because of the possibility of opening a band gap by breaking the symmetry between the
top and bottom graphene sheets [70–72].
The low-energy band structure of free-standing BLG is gapless but in the presence
of an on-site energy difference between the bottom and top layers a band gap develops.
Different methods have been employed to induce a band gap including molecular doping,
coupling to the substrate, and electric displacement field generated by gate electrodes [51,
52, 73–77]. However, the low-temperature (≤ 100 K) transport characteristics of dual-
gated BLG devices do not exhibit the strong suppression of conductance expected given
the large band gaps (up to 250 meV) measured by infrared spectroscopy [52, 75–77]. In
addition, only very weak non-linearities were found in the current versus source-drain
voltage (I-VSD) characteristics [52], in contrast with the strong non-linear behavior of
typical semiconducting devices. A more complete study is needed to address the transport
characteristics of gapped BLG devices as well as the role played by disorder.
In this chapter, we discuss the electronic transport properties of dual-gated (back-
gated (BG) and top-gated (TG)) BLG devices. We focus on the regime of large transverse
electric displacement fields, 0.8 V/nm < |D| < 2.5 V/nm, over 3 times larger than in previ-
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Figure 4.1: (a) Optical image of a BLG (outlined by white line). A, B, C, and D are
contact electrodes and TG is a 1µm-wide top gate electrode. The red and black diagrams
are set-ups for two and four probe measurements respectively. (b) Schematic diagram of
the measured device (not drawn to scale). (c) When BLG is subject to a transverse electric
field, a potential difference is induced between top and bottom layers. (d) Band structure of
free standing BLG (dashed lines) and band structure of BLG subject to transverse electric
field (solid lines).
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ous low-temperature experiments [52]. Upon the application of a large displacement field,
we observe an exponential dependence of the device resistance on |D| and density, which
is accompanied by a strong non-linear behavior in the I-VSD characteristics. However, the
size of the effective transport gap is on the order of a few meV, two orders of magnitude
smaller than the optical band gaps at the same D [76, 77], suggesting a strong role played
by disorder. Temperature dependent measurements in the 300 mK to 100 K range show
that the conductivity follows an activated behavior with three different activation ener-
gies, including a nearest neighbor hoping regime at the lower temperatures. However, it is
the conduction mechanism at intermediate temperatures (2-70 K) which is responsible for
most of the temperature variation of the conductivity of our devices, in which conductivity
increases by several orders of magnitude.
4.2 Fabrication Process of Dual-gated Bilayer Graphene
We exfoliate Kish graphite onto 285 nm thick SiO2 on top of degenerately doped
silicon substrate. Bilayer graphene is identified by green value from RGB value of the
optical microscope images. We calibrate green value of each graphene flake by subtracting
off the green value of SiO2 nearby the flake. After spinning poly(methyl methacrylate)
(PMMA), we define contacts using electron beam lithography. After development, Cr/Au
of 1/50 nm are deposited by thermal evaporator followed by standard lift-off in acetone.
The chip is annealed at 350 ◦C in forming gas for 20 minutes to get rid of PMMA residue.
We then deposit 3 nm of Al2O3 by E-beam evaporator as a seed layer [78]. Additional
layer of 20 nm thick Al2O3 is deposited by atomic layer deposition at 250
◦C. Top gates are
defined as a last step with the same recipe as the contacts.
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Figure 4.2: (a) Fabrication procedure of dual-gated bilayer graphene. (b) Conductivity
and mobility as a function of back gate voltage of a 1µm wide top gate. The mobility is
calculated from the formula σ = µen. (c)The calibrated green value from different flakes
obtained from the difference between the green value of SiO2 and that of graphenes.
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4.3 Device characteristics
Inferring from the slope of the charge neutrality point in the top-gated region,
we find that a top gate capacitive coupling CTG is ∼19.2 times larger than a back gate
capacitive coupling CBG. Using SiO2 = 3.9 and dTG = 23 nm, we can calculate the
dielectric constant of Al2O3 from CTG/CBG =
Al2O3
dTG
dBG
SiO2
= 19.2. With dBG = 285 nm,
the effective dielectric constant of Al2O3 is Al2O3 = 6. This number we obtain is lower
than a typical value of Al2O3 (7-9). However, given the imperfection of the first 3 nm of
our Al2O3 deposited by electron beam evaporation, such lower value is not surprising.
The typical mobility of our devices before oxide growth is between 1500 and
2000 cm2/V·s. The mobility can degrade significantly after oxide deposition (by ∼30% in
the device shown) which indicates that additional impurities have been introduced to the
system during the oxide deposition. Charge and resonant impurities have been proposed
to be dominant sources of scattering in graphene [19, 21, 79–81]. The impurities alter the
potential profile experienced by the charge carriers and lead to the formation of electron
and hole puddles [21, 56, 82]. They also induce tail states as well as localized states inside
the band gap [83–86]. In addition, in BLG devices, charged impurities could lead to a
spatial variation of the band gap. This suggests that adsorbates and/or charged impurities
in the oxide may play a significant role in electronic transport in BLG.
4.4 Inducing a band gap with displacement field
We first focus on the transport properties at 300 mK. Fig. 4.3(a) shows the zero-
bias resistance measured between electrodes A and B in Fig. 4.1(a). A parallel plate
capacitor model yields a charge density under the top-gated region n = CBG(VBG−V DBG)+
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Figure 4.3: (a) Differential resistance at zero bias as a function of top and back gate
voltages at T = 300 mK (log scale). The black horizontal (dashed) and black diagonal
(solid) lines correspond to zero charge densities in non top-gated and top-gated regions,
respectively. (b) Cuts in (a) at different displacement fields D (colored lines) and at n = 0
(black line). Each cut corresponds to the lines in (a) with the same color. (c) 3D plot of
(a). (d) Schematic band structure and EF. As D is varied at fixed n, the size of the band
gap changes while EF remains fixed. We can also shift EF and keep the band gap constant
by varying n and keeping D the same. (e) I-VSD characteristics at different values of D for
n = 0 at T = 300 mK. (f) The resistance as a function of carrier density and offset top gate
voltages at various D’s. The black dashed lines are linear fits in log-scale. (g) The slope α
of the linear fits in (f) as a function of D. The slope α decreases linearly with decreasing
D.
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CTG(VTG−V DTG) where C is the capacitive coupling, V is the gate voltage, and (V DBG, V DTG)
is the charge neutrality point (CNP) in the top-gated region. Following the convention from
Zhang et al [76], we define the average electric displacement field D = (DBG +DTG)/2.
4.4.1 Exponential dependence of resistance with displacement field
In this experiment, we concentrate on the case when DBG = DTG = BG(VBG −
V DBG/dBG) where BG = 3.9 is the relative dielectric constant of SiO2 and dBG = 285 nm.
The sharp rise in resistance along the n = 0 [Fig. 4.3(b)] is characteristic of BLG [52, 75,
87].The maximum on-off ratio we can achieve in this device at 300 mK is on the order of 106,
with a minimum resistance of ∼300 Ω [measured in a four probe geometry at (VBG, VTG) =
(−170,−10) V]. We note that our high quality oxides enable us to apply a displacement field
over 3 times larger than in previous low temperature experiments [52], resulting in an on-off
ratio and insulating resistivity well over three orders of magnitude larger at 300 mK. Such
insulating behavior makes BLG a good candidate for the fabrication of electrostatically
designed mesoscopic devices.
The black diagonal curve in Fig. 4.3(a-b) shows a slice of the resistance for n =
0. Along this curve, we vary D in the range [−2.5,+1.8] V/nm, while keeping EF in
the top-gated region at the CNP [top path in Fig. 4.3(d)]. Beyond |D| ∼ 1 V/nm the
resistance exhibits a clear exponential behavior with increasing |D|. Such resistance, if
arising from a thermally activated behavior across a band gap, would be proportional to
exp(Eg(D)/2kBT ) where Eg(D) is the D-dependent band gap, kB is Boltzmann’s constant,
and T is the temperature of the system. However, a fit to our data using the Eg(D) obtained
by infrared spectroscopy [76], yields an effective T ≈ 70 K, which is much higher than
the 300 mK at which the measurement is performed. Hence, the conduction we observe
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cannot be explained by activated behavior across such an optical band gap: disorder plays
an important role, and the associated energy scale for transport is about two orders of
magnitude smaller.
4.4.2 Non-linear I–V curve
This exponential increase in resistance is also accompanied by the development of
strong non-linear transport characteristics. Figure 4.3(e) shows measurements of the DC
current between A and B electrodes as a function of bias voltage and D, while keeping
n = 0. We observe a clear non-linear behavior, which is consistent with the presence of
an effective transport gap. However, the onset of non-linearity occurs on a scale of a few
meV (2.2 meV for |D| ∼ 2.5 V/nm), again about two orders of magnitude smaller than
the optical band gap.
We now consider the behavior of the resistance versus gate voltage at various
constant D [Fig. 4.3(b), colored lines]. By sweeping the gates along a constant D line, we
effectively hold the size of the band gap fixed and shift the Fermi energy EF from the valence
band to the conduction band [bottom path in Fig. 4.3(d)]. We observe an exponential
decrease in resistance as we sweep the gate voltages away from the CNP (n = 0), followed
by a slower decrease, which we associate with EF reaching the valence and conduction
band mobility edges. The decrease appears symmetric on both the electron and hole sides,
and depends on D. Figure 4.3(f) shows a few traces in detail, together with the fitted
straight lines in the exponential regions, and Fig. 4.3(g) shows the slope α of these lines as
a function of D, which exhibitis an approximately linear behavior.
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Figure 4.4: (a) Conductivity as a function of inverse temperature from 4.2 - 100 K. (b)
Conductivity as a function of inverse temperature from 300 mK to 100 K. The black and
red curves are the fits to the equation 4.2 with NNH and VRH terms respectively. (c)-(f)
The extracted parameters from the fits plotted as a function of |D|.
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4.5 Temperature dependence of the conductivity
To gain further insight into the transport properties, we study the temperature
dependence of the conductivity in the 300 mK to 100 K range at different D’s, and at
n = 0. Figure 4.4(a) shows the conductivity measured using a four probe geometry in
the temperature range 4-100 K for nine different values of D, while Fig. 4.4(b) shows the
conductivity over the entire temperature range for five different values of D. In contrast
to previous low temperature experiments at low D-fields [52], we observe two distinct
temperature regimes, which become more pronounced at high D: a two-component fast
decrease of the conductivity from 100 to 2 K, followed by a relatively weak T -dependence
from 2 K to 300 mK, which we associate with thermally activated hopping (see below).
4.5.1 Activated behavior at intermediate temperature
At intermediate to high temperatures, we find that the conductivity is well de-
scribed by an activated behavior with two different activation energies,
1
ρ
=
2∑
i=1
1
ρi
exp(Ei/kBT ) (4.1)
where ρ and E are resistivity and activation energy respectively [black lines in Fig. 4.4(a)].
The extracted fit parameters (ρ1, ρ2, E1, and E2) are plotted in Fig. 4.4(c-d). The higher
energy scale, E1, may be related to thermal activation across the optical band gap [75].
However, due to the very limited high-T range (70-100K), our data barely probe the onset
of this exponential increase, and the values of E1 obtained are very likely underestimated.
The intermediate energy scale, E2, exhibits a linear dependence on D, and is therefore
approximately proportional to the band gap [76]. However, its value is two orders of
magnitude smaller than the observed optical band gap at the same |D| [76]. Still, it is the
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conduction mechanism in this intermediate T -regime that is responsible for most of the
measured variation in conductivity of the devices.
The overall behavior of the conductivity with T is reminiscent of that observed
in disordered semiconductors [88], where transport via impurity bands and thermally acti-
vated hopping dominate transport at low temperatures. However, BLG devices are unique,
in that their band gap can be continuously tuned by electrostatic means, and also because
its two-dimensionality means that all disorder effects are surface rather than bulk effects.
Compressibility measurements [89,90] have shown that a very large density of states exists
in gapped BLG on SiO2, even in moderate D fields. Most of these states, however, are lo-
calized and do not contribute to transport, and in general the relationship between density
of states and conductivity is more complex in the insulating regime.
To explain the origin and some of the qualitative features of the conductivity at
intermediate T , we consider a model of an impurity band arising from the interaction of neg-
atively charged donors [91]. Such model has been used to explain the observed conduction
in the intermediate temperature regime in germanium semiconductors [92, 93]. Disorder
can lead to the formation of an impurity band in which charge carriers are localized and a
hopping mechanism dominates the conduction as we will show below. At low temperature,
the majority of these localized states are empty or singly occupied. However, some of the
states can become doubly occupied which leads to an extra band at higher energy due to
the Coulomb interaction. Carriers in this band are weakly localized and hence possess a
higher mobility. We can estimate the localization length of these states by equating E2
with a charging energy e2/r where  ∼ 5 is the average dielectric constant of our top and
bottom oxides, and r is the localization length. This estimate yields a localization length
on the order of 100 nm (at |D| = 2.5 V/nm) to 1µm at (|D| = 0.9 V/nm), comparable
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with the width of the top gate. Such large localization length supports that the states are
weakly bound. While this model accounts for some of the features present in the data,
a rigorous theoretical model which takes into account the geometry and particularities of
disorder in BLG, beyond the scope of this paper, is needed for a direct comparison and
understanding of the complex relationship between transport and density of states, spe-
cially in the non-linear regime. In addition, compressibility measurements at larger D and
lower temperatures [89, 90] may have enough resolution to observe the effects of disorder
at these energy scales.
4.5.2 Hopping conduction at low temperature
The conductivity between 2 K and 300 mK decreases weakly with temperature,
which indicates that we enter a hopping conduction regime through strongly localized
states [88]. We perform a fit to the conductivity for the complete temperature range and
all D with
1
ρ
=
1
ρ1 exp(
E1
kBT
)
+
1
ρ2 exp(
E2
kBT
)
+
1
Ξ
, (4.2)
where Ξ = ρ3 exp(E3/kBT ) for nearest neighbor hopping (NNH) or ρ
′
3 exp(T0/T )
1/3 for
variable range hopping (VRH) [88]. Both the NNH and VRH fits agree reasonably well
with the data [Fig. 4.4(b)]. VRH has been proposed to be the transport mechanism for
gapped BLG at intermediate and low T [52]. However our measurements yield a value of
ρ′3 that grows exponentially with |D| [Fig. 4.4(e) inset]. Such strong dependence is unex-
pected because, in VRH, the factor exp(T0/T )
1/3 already includes the strong exponential
contributions from both hopping between sites and differences in energy levels [88]. Hence,
we propose that the transport mechanism in our BLG devices is NNH in the temperature
and D regime explored.
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For NNH, ρ3 = ρ
0
3 exp(2r/a) where r is the distance between hopping sites and a
is the localization length [88]. The magnitude of r can be approximated from the density of
impurities, ni, by r = n
−1/2
i . The CNP in this device is located at (V
D
BG, V
D
TG) ≈ (16, 0) V,
which corresponds to ni ≈ 1012 cm−2 and r ≈ 10 nm. The linear fit from Fig. 4.4(e)
yields a localization length a ≈ 4/[D(V/nm)] nm. This allows us to estimate the crossover
temperature TVRH at which the conduction mechanism changes from NNH at high T
to VRH at low T . As the temperature is lowered, it is feasible for electrons to hop to
further sites but closer in energy due to the reduced coulomb interaction. This transition
takes place when 2r/a and E3/kBT are comparable [88], which yields T
VRH . 80 mK for
|D| < 2.5 V/nm. This crossover temperature is almost 4 times smaller than the lowest T
we have studied (300 mK) which supports that NNH dominates the conduction.
In addition, the hopping activation energy E3 decreases with decreasing |D|
[Fig. 4.4(f)]. This is an indication of the BLG making a transition from a strong to a
weakly insulating state. As the band gap gets smaller, the electron-hole puddles start
to merge and hence create a channel for carriers to percolate from one electrode to the
other [94]. Extrapolating the fit to E3 = 0, we obtain a value for the displacement field
corresponding to this transition of |D| = 0.7 V/nm corresponding to Eg/2 ≈ 35 meV which
is consistent with BLG EF fluctuations for an impurity density ni ≈ 1012 cm−2.
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Quantum Hall effect and Landau
level crossing of Dirac fermions in
trilayer graphene
Abstract
The physics of Dirac fermions in condensed matter systems has received extraordinary
attention following the discoveries of two new types of quantum Hall effect in monolayer
(MLG) and bilayer graphene (BLG) [4,5,95]. The electronic structure of trilayer graphene
(TLG) has been predicted to consist of both massless MLG-like and massive BLG-like
Dirac subbands [96–99], which should result in novel types of mesoscopic and quantum
Hall phenomena. However, the low mobility exhibited by TLG devices on conventional
substrates has led to few experimental studies [87, 100]. Here we investigate electronic
transport in high mobility (>100,000 cm2/V·s) trilayer graphene devices on hexagonal
boron nitride, which enables the observation of Shubnikov-de Haas oscillations and an
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unconventional quantum Hall effect. The massless and massive characters of the TLG
subbands lead to a set of Landau level crossings, whose magnetic field and filling factor
coordinates enable the direct determination of the Slonczewski-Weiss-McClure (SWMcC)
parameters [58] used to describe the peculiar electronic structure of TLG. Moreover, at high
magnetic fields, the degenerate crossing points split into manifolds indicating the existence
of broken-symmetry quantum Hall states.
5.1 Introduction
Bernal or ABA stacked TLG (Fig. 5.1b) is an intriguing material to study Dirac
physics and quantum Hall effect (QHE) because of its unique band structure which, in the
simplest approximation, consists of massless MLG-like and massive BLG-like subbands at
low energy (Fig. 5.1c) [96–99]. The energies of the Landau levels (LLs) for massless charge
carriers depend on the square root of the magnetic field
√
B [4,5,101,102] while for massive
charge carriers they depend linearly on B [54, 95, 101]. Therefore, the LLs from these two
different subbands in TLG should cross at some finite fields, resulting in accidental LL
degeneracies at the crossing points. However, one of the major challenges so far to observe
QHE in TLG has been its low mobility on SiO2 substrates [87, 100]. To overcome this
problem, we use high quality hexagonal boron nitride (hBN) single crystals [103] as local
substrates, which have been shown to reduce carrier scattering in graphene devices [40].
Substrate supported devices also allows us to reach higher carrier density than suspended
samples [104], which is necessary for the observation of the LL crossings.
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Figure 5.1: Electronic properties of Bernal stacked TLG at zero magnetic field.
a, False color atomic force microscopy image of a TLG Hall bar device on hBN. b, Bernal
stacked TLG atomic lattice. The SWMcC hopping parameters, γi, are shown by purple
dashed lines connecting the corresponding hopping sites. In addition to γi, the SWMcC
parameters also include the on-site energy difference, δ, between A and B sublattices (blue
and red lattices). c, Band structure of TLG at low energy, which takes into account
only the nearest neighbour intra- and inter-layer hopping parameters γ0 and γ1. d, Band
structure of TLG within a full parameter model, with the parameters calculated from the
SdH oscillations in Fig. 5.6b. e, Resistivity as a function of density and temperature for
TLG. The double peak structure starts to emerge as temperature decreases below 10 K. f,
Conductivity as a function of density and temperature.The field-effect mobility at 300 mK
reaches ∼110,000 cm2/V·s and decreases to ∼65,000 cm2/V·s at 40 K
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5.2 Fabrication process of graphene on hBN
Figure 1a shows an atomic force microscope image of a Hall bar shaped TLG
device on hBN. In summary, Our fabrication process consists of mechanically exfoliating
hBN and graphene flakes on different supports, and a flip chip bonding step to align them
on top of each other. The graphene flakes are then patterned into a Hall bar geometry
and contacted by electron beam lithography. The device is then annealed in forming gas
to remove residue and cooled down in a He-3 cryostat.
For a detailed process, We first spin polyvinyl alcohol (PVA) on an oxidized silicon
substrate at 3000 rpm for 60 s and bake the chip at 75 ◦C for 4 minutes. We then spin
Poly(methyl methacrylate) (PMMA) 950 A5 on top of PVA at 1500 rpm for 60 s and heat
it at 75 ◦C for 10 minutes (Fig. 5.2a). Graphene is deposited on to the polymer stack by
mechanical exfoliation (Fig. 5.2b and c). After exfoliation, the polymer stack is peeled off
from the substrate and a graphene flake is identified using an optical microscope (Fig. 5.2d).
After we find the flake we want to transfer, we lay a washer atop the polymer
film on the side opposite to the graphene flake. The washer acts as a support frame for
the polymer film and is backed by a piece of tape to keep it in place (Fig. 5.2e and f).
Since the washer is in between the polymer film and the tape, it prevents the polymer film
from sticking to the tape. We then cut the tape into a small piece around the washer for
transferring.
Similar to graphene, we prepare a thin sheet of hexagonal Boron Nitride (hBN) by
mechanical exfoliation onto an oxidized silicon substrate (Fig. 5.3a). A potential hBN flake
is identified by optical microscopy and we subsequently perform atomic force microscopy
(AFM) to determine its roughness and thickness. We typically choose flakes with thickness
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Figure 5.2: Graphene transfer. a, An oxidized silicon substrate covered by PVA and
PMMA. b, The substrate is held in place by an acetone-soluble blue tape. This blue
tape will later be used to peel off PVA and PMMA from the substrate. c, Graphene is
mechanically exfoliated onto the polymer stack. d, The polymer stack (PVA and PMMA)
with graphene on top is peeled off from the substrate. e, After identifying graphene, we
put a washer around it and finally cover it by another tape. This allows us to use more
than one piece of graphene per one preparation as opposed to a wet process in which only
one graphene can be used. f, The back side of e showing another piece of tape used to
cover the washers.
less than 30 nm and without atomic steps/terraces. hBN flakes of such thickness appear
blueish under an optical microscope.
Once a graphene flake on a suspended polymer film and a hBN flake on SiO2
are ready, we use a flip chip bonder to align the graphene flake to the hBN flake. Upon
transferring, we heat up the substrate to 120 ◦C. We then press the polymer film onto the
substrate for 5 minutes while keeping the temperature at 120 ◦C.
After the transfer process, often some areas of the graphene flake will have bubbles
and/or ripples with smaller areas laying flat on hBN (Fig. 5.3b). To remove non-flat regions,
60
Chapter 5: Quantum Hall effect and Landau level crossing of Dirac fermions in trilayer
graphene
a b c d10 µm
SiO2
Figure 5.3: Device fabrication. a, Hexagonal boron nitride is exfoliated onto an oxidized
silicon substrate. b, A piece of graphene is transferred onto hBN. Ripples and bubbles,
forming after the transfer process, can be seen in the optical image. c, Graphene is etched
by oxygen plasma into hall bar geometry to avoid the ripples and bubbles. d, Contacts are
defined by electron beam lithography and Cr and Au are deposited by thermal evaporation.
we use PMMA as an etch mask and pattern a Hall bar geometry by standard electron beam
lithography. Oxygen plasma etching is then used to etch uncovered graphene (Fig. 5.3c).
After dissolving PMMA in acetone, we heat anneal the sample in forming gas (300 sccm of
Ar and 700 sccm of H2) to get rid of PMMA residue. The sample is heated up from room
temperature to 350 ◦C for 1 hour and then held 350 ◦C for 2 more hours. After 2 hours,
we turn off the heater and let the sample cool down slowly to room temperature. Contacts
are then defined using electron beam lithography. We thermally evaporate 0.7 nm of Cr
and 80 nm of Au, and lift off metals in acetone (Fig. 5.3d). We do a final heat annealing
before cooling down the sample using the same recipe as above.
5.3 Current annealing
After cooling down, we perform current annealing to further improve the quality
of the sample (Fig. 5.5) [105]. The procedure we use for current annealing is the following:
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• Ramp source-drain bias VSD slowly from 0 to a set voltage Vset, while monitoring an
I–VSD curve (the ramping time is on the order of a few minutes) (Fig. 5.4b).
• Once the set voltage is reached, monitor I as a function of time. The current I can,
at first, increase or decrease but it will eventually get saturated (Fig. 5.4c). The
magnitude of the change of the current has no clear relation with the quality of the
Dirac peak after this current annealing. It is worth noting that, at the saturation,
the current will change in a step-like fashion with the size of the step similar to the
noise level in our system (Fig. 5.4d). This often indicates that there will be some
changes in the Dirac peak.
• Ramp VSD back to zero and check the Dirac peak (Fig. 5.4a).
• If the quality of the Dirac peak is not satisfying, We increase Vset by 0.5–1 V and
repeat the procedure again.
It is useful to plot Dirac peaks after each current annealing on the same plot in order
to compare them (Fig. 5.4a). We tend to be less aggressive at high bias (VSD > 10 V)
because a device could die at any moment. The maximum current at which graphene
still survives is usually about 1 mA/micron/layer. One thing to keep in mind is that
contact resistance could be much higher. Therefore, if it is a two-probe device, using high
current density might not be an option as high contact resistance could effect the quality
of transport data. For a 4-terminal device, we once found that current annealing between
outer terminals alone did not improve the quality of the device but, with current annealing
with both outer and inner pairs, the device produced much better data.
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Figure 5.4: Current annealing procedure. a, Two-terminal measurement of current as
a function of back gate voltage using 1 mV DC-bias. Each curve is measured right after the
sample is subjected to an extremely high bias indicated in the inset for current annealing.
b, A typical current–voltage characteristic of graphene when subjected to very high bias.
The curve displays a sub-linear behavior. The sample’s width is ∼1 µm. c, Current as a
function of time at VSD = 20 V. The current decreases significantly at first and starts to
saturate at the end. d, Current as a function of time after the current starts to saturate
in c. The plot shows step-like changes (see arrows). This typically indicates that some
changes are happening in the sample.
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Figure 5.5: Dirac peaks after current annealing. Resistivity as a function of density
after the first (green), second (blue), and final (red) current annealing steps. The Dirac
peak becomes symmetric after the final current annealing step.
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5.4 Device characteristic at zero magnetic field
Figures 1e and 1f show the resistivity and conductivity of a TLG device at zero
magnetic field after current annealing. The resistivity at the Dirac peak exhibits a strong
temperature dependence, which in MLG is a strong indication of high device quality [22,
106]. In addition, we also observe a double-peak structure at low temperatures (Fig. 5.1e).
This double-peak structure is likely due to the band overlap which occurs in TLG when all
SWMcC parameters are included in the tight-binding calculation of its band structure, as
we show below. The field effect mobility of this device reaches 110, 000 cm2/V·s at 300 mK
at densities as high as 6×1011 cm−2 . This mobility value is two orders of magnitude higher
than previously reported values for supported TLG [87,100] and comparable to suspended
MLG-TLG samples [104,106].
5.5 Quantum Hall effect and Landau level crossings
The low disorder and high mobility enable us to probe LL crossings of Dirac
fermions through the measurement of Shubnikov-de Hass (SdH) oscillations. Figure 2a
shows longitudinal resistivity ρxx as a function of 1/B, for a carrier density n = −4.4 ×
1012 cm−2. A pattern of SdH oscillations is clearly visible, albeit with different visibility
and features depending on the B range. At low B (below ∼ 1 T), there are a number of
oscillations characterized by broad minima separated by relatively narrower maxima. Be-
yond ∼ 1 T, the minima become sets of narrower oscillations, and a clear pattern emerges:
each minimum in the oscillations indicates a completely filled LL with corresponding filling
factor ν = hn/eB, where h is Planck’s constant, and e is the electron charge. Within a
single particle picture, each LL is 4-fold degenerate, the degeneracy originating from the
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Figure 5.6: SdH oscillations and Landau fan diagram in TLG. a, ρxx as a function
of inverse magnetic field at 300 mK. The numbers inside the figure indicate the filling
factors at the SdH oscillation minima. The highlighted bands show the regions of 8-fold
degeneracy, which provide evidence for LL crossings of the MLG- and BLG-like subbands.
For B > 4 T, the SdH minima are separated by ∆ν = 1 or 2, indicating the splitting of
LLs. b, Color map of ρxx versus n and B at 300 mK. The diagonal lines correspond to
constant filling factor lines. The beating pattern, most visible at negative densities, is a
consequence of LL crossings. The white central region corresponds to an insulating state at
zero density (see supplementary information). c, Calculated LL energy spectrum in TLG
for the SWMcC parameters obtained from b. The red dashed and black lines are LLs at
K and K′ points respectively. The roughly
√
B-like and linear B-like dispersion from the
MLG- and BLG-like subbands is evident. Each line corresponds to a spin degenerate LL.
d, Calculated density of states as a function of density and B from the LL spectrum in
c. Apart from the LL splitting, the location of the LL crossings agrees very well with the
experimental data in b. e, ρxx and σxy as a function of filling factor for B = 7.3, 7.8, and
8.3 T. The highlighted orange region shows the appearance of the LL crossing at ν = −23
while the green highlighted region shows the LL splitting occurring at ν = −20.
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valley (K and K′) and spin (up and down) degrees of freedoms in both the MLG-like and
BLG-like subbands. When LLs from these two subbands cross at a given B, the coexistence
of two 4-fold degenerate LLs increases the degeneracy to 8-fold. This 8-fold degeneracy
is highlighted by the green bands in Fig. 5.6a, where ν changes by 8 from minimum to
minimum instead of by 4. For B ≥ 4 T, the splitting of the LLs results in ν changing by
either 1 or 2, as the different broken-symmetry quantum Hall states are occupied.
A more complete understanding of the TLG LL energy spectrum is obtained by
plotting ρxx as a function of n and B as shown in Figure 2b. The resulting fan diagram
lines correspond to the SdH oscillations mentioned above, while the white central region
corresponds to an insulating behavior at ν = 0 (see supplementary information for details).
The abovementioned crossings of MLG-like and BLG-like LLs manifest themselves as a
beating pattern in the SdH oscillations, with a greater number of them and more visible on
the hole side (n < 0). This electron-hole asymmetry results from the TLG band structure,
as we show below. In addition, the LL splittings appear as finer split lines in the SdH
oscillations. For each LL crossing, there is an enhancement of ρxx due to the enhanced
density of states [107, 108], and each crossing point can be uniquely identified by B and
ν. For instance, at B ∼ 3 T and n ∼ −4 × 1012 cm−2, the filling factors associated with
the minima in the corresponding SdH oscillations change from 50 to 58 indicating that the
crossing occurs at ν = 54.
The positions of the crossings in B and ν space depend sensitively on the TLG
band structure, and therefore enable a direct electronic transport determination of the
relevant SWMcC parameters for TLG. These parameters, proposed to explain the band
structure of graphite [58], describe the different intra- and inter-layer hopping terms in
the different graphene sheets (Fig. 5.1b). We note that TLG is the fewest layer graphene
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system whose description includes all the SWMcC parameters. The simplest TLG model,
in which only the nearest intra- and inter-layer couplings (γ0 and γ1) are considered (the
ones typically used to describe MLG and BLG), results in symmetric electron and hole
bands (Fig. 5.1c) and therefore is clearly insufficient to explain the experimental data.
We therefore use all the relevant SWMcC parameters to numerically calculate the LL
energy spectrum (Fig. 5.6c) and density of states as a function of B (Fig. 5.6d), and
perform a minimization procedure to fit the experimental data in Fig. 5.6b. In order to
lower the number of parameters, we take γ0 = 3.1 eV, γ1 = 0.39 eV and γ3 = 0.315
eV (see supplementary information), and we obtain from our fit the following values of
the SWMcC parameters; γ2 = −0.028(4) eV, γ4 = 0.041(10) eV, γ5 = 0.05(2) eV, and
δ = 0.046(10) eV. The definitions of the γi can be found in Fig. 5.1b and δ is the on-
site energy difference between the two-inequivalent carbon sublattices residing in the same
graphene layer. The values of the SWMcC parameters obtained are similar to previously
reported values for graphite [58] and, apart from the broken-symmetry states (see discussion
below), our data agree very well with the LLs corresponding to Bernal stacked TLG, and
not to rhombohedral stacked TLG [61]. These parameters result in the overall electron-hole
asymmetric band structure shown in Fig. 5.1d, with small band gaps Eg,S ∼ 7 meV and
Eg,B ∼ 14 meV, for the MLG- and BLG-like subbands, and a band overlap Eo ∼ 14 meV.
5.6 Landau level crossings between broken-symmetry states
The LLs in TLG are not truly 4-fold degenerate even in a single particle picture,
owing to the finite value of γ2, γ5, and δ, which break valley degeneracy (Fig. 5.6c) [109],
in addition to the Zeeman interaction which breaks spin degeneracy. Our data at high B
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(Fig. 5.6a and 5.6b) show that the splitting of 4-fold degenerate LLs is observed up to filling
factors as high as ν = 46. While single particle effects may partly explain these broken-
symmetry QH states (e.g. from the width of the LLs crossings, we estimate the disorder
broadening of the LLs to be ∼1 mV which is similar to the the Zeeman splitting at ∼8 T),
it is likely that electron-electron (e-e) interactions play a significant role too, as it is the
case in MLG and BLG [27, 40, 110–112]. For example, the insulating behavior we observe
at ν = 0, cannot be explained by single particle effects, given the band overlap between
the MLG- and BLG-like subbands, and the single particle LL energy spectrum shown in
Fig. 5.6c. However, a more detailed study including measurements of the gap energies
and measurements in tilted magnetic fields, beyond the scope of this paper, is necessary
to investigate the precise role of e-e interactions in TLG. Figure 2e shows example traces
where the different behavior of LL crossings and LL splitting can be seen.
At high B, the LL crossing points should become crossing manifolds due to the
crossing between the split MLG- and BLG-like LLs. One such example is shown in Fig. 5.8a.
From the LL energy spectrum shown in Fig 5.6c, the manifold corresponds to the crossing
between the N = −1 LL of the MLG-like subband, LL−1S , and the N = −5 LL of the BLG-
like subband, LL−5B . In order to reproduce the observed degeneracies at the crossings, the
4-fold LL−1S has to completely split into four singly-degenerate LLs while the 4-fold LL
−5
B
splits into 3 LLs: two singly degenerate LLs and one doubly degenerate LL. Figure 3b
shows schematically the full 12-point manifold, of which only 6 crossing points are visible
in our density and B range. We have found that this splitting scheme is the only one that
yields the correct result for both the degeneracies at the crossings and the filling factors
at which they occur. The observation of the full 4-fold splitting of the LL−1S in TLG,
although expected, is remarkable since previous transport studies of the N = 1 LL in MLG
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Figure 5.7: LL crossings between broken-symmetry states. a, ρxx as a function of
density and B at 300 mK showing a manifold of LL crossing points. The high ρxx regions
correspond to enhanced degeneracy due to LL crossings. Five crossing points are clearly
visible and the sixth point is starting to appear in the lower-right corner. White dashed
lines are guides to the eye for each ν labeled on the edges. b, Schematic splitting and
crossing of LLs yielding the manifold of crossings shown in a. Red and blue lines represent
the split LL spectrum for the broken-symmetry QH states of the N = −1 LL from the
MLG-like subband and the N = −5 LL from the BLG-like subband, respectively. The
degeneracies for each level are g = 1 for thin lines and g = 2 for the thick line. The
highlighted green area corresponds to the region observed in the data in a. The numbers
inside each region show the corresponding filling factors
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had reported only the breaking of some of the degeneracies [25, 110], and the full 4-fold
splitting has only been seen in recent STM experiments [113]. The 1-2-1 splitting of LLs
from the BLG-like subband, however, is more anomalous. Naively, one would expect the
splitting to be either 2 fold or 4 fold, depending on whether one of the two degrees of
freedom (valley or spin) is split or both are [27, 112]. However, we note that this 1-2-1
splitting may also be present in a recent study of BLG on hBN in the intermediate B-
regime [40], and may possibly indicate a richer phase diagram based on SU(4) rather than
SU(2)xSU(2) symmetry breaking. A detailed study of the crossing between spin/valley
polarized LLs of massless and massive Dirac Fermions, together with the aforementioned
possible role of e-e interactions, could potentially lead to some intriguing phenomena such
as phase transitions in quantum Hall ferromagnets [107,114].
5.7 Unconventional quantum Hall effect in TLG
Although the splitting of the LLs at high B provides insight into broken symme-
tries in TLG in the QH regime, it also masks out the QH plateaus expected within the
simplest single particle model for TLG. The sequence of plateaus arising from such simple
models has proven a useful tool in identifying MLG and BLG [4, 5, 95]. For completeness,
Figure 4 shows ρxx and σxy at B = 9 T before current annealing, i.e. in the presence of
increased disorder which prevents the observation of LL splitting. In the simplest model,
the QHE plateaus are expected at σxy = ±4(N + 1/2 + 1)e2/h for N = 0, 1, . . . where
the 12-fold zero energy LL results from the 4-fold and 8-fold zero energy LLs of the MLG-
and BLG-like subbands, respectively [60, 115]. Our observations agree with this simple
prediction for |ν| ≥ 10 (with observed plateaus at ±10,±14,±18e2/h), but we observe in
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Figure 5.8: Unconventional quantum Hall effect in TLG. σxy and ρxx as a function
of density at B = 9 T and T = 300 mK, and before the last current annealing step.
The dashed lines indicate the expected QH plateaus based on the simplest TLG model
approximation. The dotted lines indicate the extra QH plateaus based on the full band
structure determined from Fig. 5.6c. (Inset) Calculated Density of states using full SWMcC
parameter model. The blue line is calculated using higher disorder broadening than the
red line.
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addition extra plateaus for ν = ±2 and ±4 as well as the absence of a plateau at ν = +6.
This unconventional QHE can be explained within the band model calculated using the
SWMcC parameters obtained from Fig. 5.6a-c. In such model, the non-zero values of γ2,
γ5, and δ lift the degeneracy of the “zero-energy” LLs of the MLG- and BLG-like subbands
(Fig. 5.6c). In addition, the 4-fold degenerate N = 0 LL of the MLG-like subband splits
into two 2-fold degenerate valley polarized LLs and the 8-fold degenerate (spin, valley and
N=0,1 LLs) zero energy LLs of the BLG-like subband splits into two 4-fold degenerate
LLs (the splitting between N = 0 and N = 1 LLs remains relatively small compared to
the valley splitting). We note that the Zeeman splitting is at least an order of magnitude
smaller than other types of splitting even at 9 T which is the reason why LLs remain spin
degenerate in this non-interacting model.
The inset to Fig. 5.7 shows the calculated density of states as a function of energy
at 9 T. The zero density is located between two nearly degenerate LLs, each with 2-fold
degeneracy which explains the observed plateaus at ν = ±2. The absence of a plateau
at ν = 0 is likely due to disorder, which smears out the small energy gap between these
two LLs. The plateaus at ν = ±4 stem from the next 2-fold degenerate LLs. However,
these plateaus are not yet completely developed at 9 T, especially the one at ν = −4
(σxy = 4e
2/h) which coincides with the small energy gap between this LL and the next
one. Finally, the absence of a plateau at ν = +6 (σxy = −6e2/h) is due to the crossing
between a 2-fold and a 4-fold degenerate LL. The degeneracy at the crossing becomes 6-fold
and causes the position of the plateau to step from ν = 4 to ν = 10 (the non-developed
ν = 4 plateau does not reach its exact value at σxy = −4e2/h). Unlike MLG and BLG in
which the sequence of the plateaus are the same for all B, the observed plateaus in TLG
depend on B because of the LL crossing.
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5.8 Supplementary information
5.8.1 Determination of SWMcC parameters
The hamiltonian for Bernal stacked TLG with SWMcC parameters is given by [116]
H =
 Hm D
D† Hb
 ,
where
D =
 ∆1 0 0 0
0 0 0 ∆1
 , Hm =
 ∆2 − γ2/2 v0pi†
v0pi ∆2 − γ5/2 + δ
 ,
Hb =

∆2 + γ2/2
√
2v3pi −
√
2v4pi
† v0pi†
√
2v3pi
† −2∆2 v0pi −
√
2v4pi
−√2v4pi v0pi† −2∆2 + δ
√
2γ1
v0pi −
√
2v4pi
† √2γ1 ∆2 + γ5/2 + δ

.
The SWMcC parameters γi for Bernal stacking TLG are shown in Fig. 5.1b with the
corresponding effective velocity vi = (
√
3/2)aγi/~ and δ is the on-site energy difference
between A and B sublattices. The parameters ∆1 = (U1−U3)/2 and ∆2 = (U1−2U2+U3)/3
describe energy difference between layers where Ui is the potential of layer i. The basis
for this hamiltonian is (ψA1 − ψA3)/
√
2, (ψB1 − ψB3)/
√
2, (ψA1 + ψA3)/
√
2, ψB2, ψA2, and
(ψB1 + ψB3)/
√
2 which reflects the even and odd parity with respect to mirror symmetry
of Bernal stacked TLG. We use this hamiltonian to calculate Landau levels numerically by
rewriting pi† as
√
2~eBa† for K′ point and
√
2~eBa for K point respectively where a† and
a are creation and annihilation operators for simple harmonic oscillation [61]. Figure 5.9
shows how the different parameters affect the band structure and LL energy spectrum.
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To determine the SWMcC parameters, we set γ0 = 3.1 eV which corresponds to
v0 = 1×106 m/s [4,5,101,102,113,117] and γ1 = 0.39 eV [49,51,58,101,118–120]. We vary
γ2, γ3, γ4, γ5 and δ and numerically determine the magnetic fields B
t and filling factors
νt at which LL crossings occur. We then compare Bt and νt with the crossing points
observed experimentally. Twelve crossing points can be resolved in the data (Fig. 5.6, 5.10
and Table 5.1). The best set of SWMcC parameters is the one which yields the correct νt
and the minimum value of
ξ =
12∑
i=1
(
Bti −Bexpi
∆Bexpi
)2
,
where Bexpi and ∆B
exp
i are the values of magnetic field and their uncertainties at the
crossing points, determined experimentally (Fig. 5.6 and 5.10). In addition, according to
the data at 9 T (Fig. 5.7), in which we observe the quantized conductance at ν = 4 but
not at ν = 6, we require that the energy gap at ν = 4 has to be larger than the gap at
ν = 6.
We find that the positions of the crossing points depend much more strongly on
γ2, γ5, and δ than on γ3 and γ4 (see Fig. 5.9. In fact, the crossing points are almost
not affected by γ3. This is because the effect of γ3 on the band structure is to introduce
trigonal warping in the bilayer-like subband at very low energies. This trigonal warping
causes only a slight change in the very low-lying LLs at low magnetic field [54], and these
are not well resolved in our data (Fig. 5.6 and Fig. 5.13), which prevents us from using
those LL crossings in our fitting procedure. Therefore we set γ3 to a fixed value of 0.315
eV [58], and vary γ2, γ4, γ5, and δ. We obtain γ2 = −0.028(4) eV, γ4 = 0.041(10) eV,
γ5 = 0.05(2) eV, and δ = 0.046(10) eV. Our data cannot determine γ5 and δ individually
accurately because we can access only the low lying term −γ5/2 + δ in the hamiltonian
while the other term γ5/2+δ is much higher in energy due to the hybridization through the
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Figure 5.9: Dependence of TLG band structure and Landau levels on the
SWMcC parameters. a-b, Band structure and Landau levels of TLG with γ0 = 3.1 eV
and γ1 = 0.39 eV. c-l, Band structure and Landau levels of TLG with nonzero γi (shown
on top of each plot) and γ0 = 3.1 eV and γ1 = 0.39 eV.
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Table 5.1: Magnetic fields and filling factors at which LL crossings occur. We
determine Bexp from the position of magnetic field at which σxx is locally maximum (data
not shown).
N th LLS N
th LLB ν
exp Bexp (T)
-1 -5 -26 7.31
-1 -6 -30 3.04
-2 -11 -54 3.07
-2 -12 -58 2.09
-3 -16 -78 2.57
-3 -17 -82 1.98
-3 -18 -86 1.51
-4 -22 -106 1.78
-4 -23 -110 1.44
-5 -27 -130 1.56
-5 -28 -134 1.35
0 6 23 1.75
nearest inter-layer coupling γ1. However, we can determine −γ5/2+δ with better accuracy
and obtain −γ5/2 + δ = 0.021(3) eV.
We have also tried varying γ0 and γ1 in order to determine how sensitively the
other SWMcC parameters depend on these two parameters. We perform a calculation of
the influence of a ±10% variation in the value of γ0. For γ0 in the range of [2.8, 3.4] eV
(±10% of 3.1 eV), the values of γ2, γ4, γ5, and δ still fall within their estimated errors,
as long as the ratio between γ0/γ1 = 8.0 ± 0.2. For γ0 values of 2.8, 3.1, and 3.4 eV,
this results in γ1 values of 0.35, 0.39, and 0.43 eV, respectively. The reason for the linear
relation between γ0 and γ1 stems from the fact that the Landau level dispersions for MLG
and BLG are proportional to γ0 and γ1 respectively. Hence, in order for the Landau levels
from both subbands to cross at the same magnetic field and filling factors, both γ0 and γ1
have to change proportionally.
We note that we have set ∆1 = 0 and ∆2 = 0. The effect of ∆1 is to hybridize the
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Figure 5.10: Landau fan diagram. a, Color map of Landau fan diagram as a function
of back-gate voltage and magnetic field at 300 mK. White dashed lines are guides to the
eye with filling factors labeled on the edge and the white dashed circles indicate crossing
points. b, Landau fan diagram from 6 to 9 T at 300 mK. The measurement is taken when
the sample quality is not high enough to observe LL splitting (Fig. 5.8a). The absence
of the minimum at ν = −26 can be seen clearly indicating Landau level crossing. c,
Calculated DOS as a function of density and magnetic field. Here we use Γ = 1 mV and
the following SWMcC parameters: γ0 = 3.1 eV, γ1 = 0.39 eV, γ2 = −0.028 eV, γ3 = 0.315
eV, γ4 = 0.041 eV, γ5 = 0.05 eV, and δ = 0.046 eV. d, Calculated DOS as a function of
density and magnetic field with Γ = 2.5 mV and the same SWMcC parameters as in c.
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the crossing points determined experimentally.
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MLG-like and BLG-like subbands, which lifts two of the four low energy subbands to higher
energy. ∆2 induces a small gap in the BLG-like subband. It is reasonable to set ∆2 = 0
because, in a linear response calculation, ∆2 is always zero and, using a self-consistent
calculation, ∆2 is still less than 1 mV [116]. However, the value of ∆1 could be as high
as 50 mV at the density of ∼4× 1012 cm−2 (∼60 V in back gate voltage) which we access
experimentally [116]. Such value of ∆1 should affect the LL spectrum, and therefore the
crossing points, strongly. However, we were unable to find a set of SWMcC parameters
which would describe our crossing points for values of ∆1 larger than about 10 meV, and
the agreement was best for values of ∆1 equal to zero. The naive picture of using a single
value of ∆1 to describe the data at all densities is clearly not sufficient, because ∆1 depends
on the carrier density we induce in the system via the back gate voltage. Therefore we
have also performed the calculation with ∆1 varying linearly with energy (∆1 = E/2)
(in a phenomenological model similar to the results obtained in ref.S1), and we still find
disagreement between our data and the Landau level spectra expected for those values
of ∆1. One possible reason may be that this model is for zero magnetic field, while our
Landau level crossings occur at finite field. Another posibility contributing may be the
assumed value of the TLG dielectric constant [116], which may not be known precisely.
A more extensive calculation, which includes non-linear screening as a function of density
and magnetic field, as well as the possible roles of small disorder and the dielectric response
of TLG will have to be developed, and is beyond the scope of this paper. The fact that
we can reproduce the experimentally observed LL crossing points with ∆1 = 0 may imply
that high mobility TLG can screen electric field very well at high densities (where the LL
crossing points are measured), causing the potential of each layer to be similar.
After obtaining the Landau level spectrum, we calculate the density of states
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(DOS) by assuming that the DOS of each Landau level is of the form
DOS(E;ELL) =
2B
h/e
1
pi
Γ/2
(E − ELL)2 + (Γ/2)2 ,
where ELL is the energy of the LL and Γ is the broadening of the LL due to disorder. The
factor of 2 in front comes from spin degeneracy. We calculate the LL spectrum separately
for K and K′ because of their non degeneracy. The total DOS can be obtained by summing
over the DOS of each Landau level
DOStotal(E) =
∑
ELL
DOS(E;ELL).
We then integrate total DOS in order to obtain the DOS as a function of density
and B which can be used to compare with the experimental data. Figure 5.12 shows the
different LL energy spectra and fan diagrams for the SWMcC parameters for graphite from
different sources (see Table 5.2), and the comparison with the spectrum and fan diagram
for the SWMcC parameters for TLG obtained in this work.
We note that Landau level spectra of both massless and massive Dirac fermions
have been observed previously in scanning tunneling spectroscopy measurements on HOPG
graphite surfaces [101, 117]. Although this is similar to what occurs in TLG, the results
are very different (for example those measurements show that the Landau levels of these
two species share the same Dirac point in contrast to our extracted Landau levels). There
is no contradiction however because the two systems are very different. Those two groups
regard these linear and
√
B dispersing LLs as surprising, since this behavior is not observed
in Kish graphite, and speculate that perhaps their HOPG graphite flakes contain stacking
faults or turbostratic groups of sheets. The authors however cannot extract how many
stacking faults they have or if these are indeed ABA stacked. Moreover, both papers find
an effective mass for the massive states which is equal to that of pure BLG, whereas the
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Figure 5.12: Landau fan diagrams with SWMcC parameters from graphite. a-d,
Landau level energy spectrum as a function of magnetic field using the SWMcC param-
eters determined from graphite from references [58], [121], [122], and [123] respectively
(Table 5.2). Red and black curves represent Landau level from K and K′. e-f, Density
of states as a function of magnetic field and density calculated from the energy spectrum
in a, b, c, and d respectively. Figures e and f looks similar to our data but the crossing
point at high field (∼5 T) occurs at ν = 30 instead of ν = 26 observed experimentally. i-j,
Landau level energy spectrum and density of states using the SWMcC parameters from
our TLG data.
BLG-like subband of TLG has an effective mass which is
√
2 larger [116]. Therefore, it
is not possible that these experiments are describing ABA stacked trilayer graphene (or
higher number of layers, for similar reasons), and these experiments may be equivalent to
measuring MLG and BLG independently, and that may explain why their Landau levels
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Figure 5.13: Landau fan diagram at ν = 0. a, Color map of ρxx versus density and B
at 300 mK. b, A slice from a at zero density.
share the same Dirac point. In trilayer graphene, however, a spectrum of massless and
massive Dirac fermions is theoretically expected to coexist, but it was not demonstrated
before due to poor sample quality. In TLG, the offset between the Dirac points, as well as
the small gaps in the subbands, are expected [87,116], in agreement with our data.
5.8.2 Insulating behavior at ν = 0
We observe an insulating behavior in ρxx at zero density as we increase B. The
longitudinal resistivity ρxx increases from 4.5 k Ω at 0 T to 400 k Ω at 9 T. This insulating
behavior at ν=0 is also observed in MLG and BLG [27, 40, 110, 112]. In those systems,
electron-electron interactions are required to break the symmetry of the zero energy LL. In
TLG, due to the finite values of γ2, γ5, and δ, which cause valley splitting in the MLG- and
BLG-like subbands LLs as well as breaking of the N = 0 and 1 LLs in BLG-like subband,
there are no LLs at zero density. In general, the valley degeneracy is associated with
a spacial inversion symmetry which is present in both MLG and BLG. However, Bernal
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stacked TLG does not preserve spatial inversion symmetry and hence the valley degeneracy
is not guaranteed [60]. However, the finite band overlap implies that there should be edge
modes present always, for any value of the Fermi energy (or density) [124]. Therefore,
electron-electron interactions may play a role in this insulating behavior. Note that this
insulating phase has also been observed in a suspended TLG sample [104].
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Chapter 6
Electrically tunable transverse
magnetic focusing in graphene
Abstract
Electrons in a periodic lattice can propagate without scattering for macroscopic distances
despite the presence of the non-uniform Coulomb potential due to the nuclei [125]. Such
ballistic motion of electrons allows the use of a transverse magnetic field to focus elec-
trons [126]. This phenomenon, known as transverse magnetic focusing (TMF), has been
used to study the Fermi surface of metals [127] and semiconductor heterostructures [128],
as well as to investigate Andreev reflection [127], spin-orbit interaction [129], and to detect
composite fermions [130, 131]. Here we report on the experimental observation of trans-
verse magnetic focusing in high mobility mono-, bi-, and tri-layer graphene devices. The
ability to tune the graphene carrier density enables us for the first time to investigate TMF
continuously from the hole to the electron regime and analyze the resulting “focusing fan”.
Moreover, by applying a transverse electric field to tri-layer graphene, we use TMF as a
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ballistic electron spectroscopy method to investigate controlled changes in the electronic
structure of a material. Finally, we demonstrate that TMF survives in graphene up to 300
K, by far the highest temperature reported for any system, opening the door to novel room
temperature applications based on electron-optics.
6.1 Introduction
The concept of TMF can be illustrated by considering electrons entering a two-
dimensional system through a narrow injector (origin in Fig. 6.1a). In the presence of a
magnetic field B, electrons will undergo cyclotron motion with radius rc and get focused
on the caustic (a quarter of a circle with radius 2rc) on which the electron density becomes
singular. (Fig. 6.1a, top). Moreover, the specular reflection of electrons at the boundary of
the two-dimensional system causes a skipping orbit motion which results in focal points at
integer multiples of 2rc along the x-axis (Fig. 6.1a, bottom). This basic behavior still holds
for electron motion in a solid as long as the Fermi surface has cylindrical symmetry [127].
Hence, the magnetic field, Bf , required to focus electrons at a distance L is
B
(p)
f =
(
2~kF
eL
)
p =
(
2~
√
pin
eL
)
p (6.1)
where p− 1 is the number of reflections off the edge of the system (e.g. p = 1 corresponds
to direct injector to collector trajectory, without reflections), ~ is the reduced Planck’s
constant, e is the elementary charge, kF is the Fermi momentum, and where we have used
kF =
√
pin, n being the carrier density.
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Figure 6.1: Transverse magnetic focusing schematics. a, Classical trajectories of
electrons injected isotropically from the origin at B = Bf (top) and B
′ = 2Bf (bottom,
including one bounce off the edge). Electrons are focused at an integer multiple of 2rc
along the x-axis. b, Cartoons depicting the band structure of MLG at positive (left) and
negative (center) electron density. Electron’s trajectories at a finite B are shown on the
right for Fermi energy EF > 0 (orange line) and EF < 0 (blue line). c, False color atomic
force microscopy (AFM) image of a TMF device. In the TMF measurement, contact i
injects current Ii into graphene and the voltage Vc is measured at the collector (contact
c) relative to contact f. L is the measured distance between the centers of contacts i and
c. d, Resistance versus gate voltage of MLG at various temperatures measured in the
usual 4-probe Hall bar geometry. e, TMF spectrum in MLG at 5 K. TMF peaks from
first, second, and third modes can be observed clearly for |B| < 2.5 T. The top insets
show representative trajectories for each corresponding mode. At higher B, SdHOs are
also present.
88
Chapter 6: Electrically tunable transverse magnetic focusing in graphene
6.2 Device fabrication and characteristic
In order to study TMF in graphene, we fabricate Hall bar devices based on high
mobility mono- (MLG), bi- (BLG), and tri-layer (TLG) graphene on hexagonal boron ni-
tride (hBN) substrates [40] (see Methods and Fig. 6.1c). The multi-terminal geometry
required to study TMF imposes a minimum mean free path of the order of several hundred
nm, which has only been possible with the advent of G on hBN devices [40, 46, 47]. Fig-
ure 6.1d shows the resistivity of a MLG device as a function of density at zero magnetic
field. The device exhibits a narrow Dirac peak with a strong temperature dependence,
which indicates low disorder [22, 106]. Its field effect mobility is ∼100, 000 cm2 V−1 s−1
at low temperature, corresponding to a mean free path of ∼1 µm. A similar behavior is
observed for BLG and TLG devices. The high mobility and low disorder enable us to probe
TMF in these devices.
6.3 Non-local measurement for TMF
We employ the measurement configuration shown in Fig. 6.1c to probe the focus-
ing of electrons. Current Ii is injected through contact i while contact g is grounded and
voltage Vc is measured at the collector (contact c) relative to contact f. The magnetic field
is applied normal to graphene. Figure 6.1e shows the normalized Vc(B,n) in MLG, at 5 K.
Two sets of features are immediately apparent: for |B| ≥ 2.5 T, we observe Shubnikov-de
Hass oscillations (SdHOs), forming a usual Landau fan, as expected from the measurement
setup, which is topologically equivalent to a longitudinal resistance measurement. While
the SdHOs are very pronounced in quadrants 2 and 4 (top-left and bottom-right), they
are nearly invisible in quadrants 1 and 3, due to the interference of different trajecto-
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ries of electrons propagating coherently to the collector [128, 132–134](see supplementary
information).
6.4 TMF in monolayer graphene
In the low field regime, |B| ≤ 2.5 T, we observe three unusual peaks which do
not resemble SdHOs. For positive density, these peaks appear on the positive B side. The
location of these features in the B − n plane (see Eq. 1) indicates that these peaks can
be associated with TMF. The peaks arise when electrons are focused onto the collector,
resulting in a build up of Vc. The first peak corresponds to electrons propagating directly
from the injector to the collector while for the higher order peaks electrons reflect off
the edge before reaching the collector (Fig. 6.1e, top insets). For negative B, electrons
propagate away from the collector and hence no focusing peak is observed (Fig. 6.1e, top
left inset). As we tune to negative density (EF < 0), the sign of the charge carriers flips,
and therefore B has to be reversed in order for the carriers to be focused at the collector.
The ability to tune density in graphene enables us to investigate the
√
n dependence of
the focusing fields, or “focusing fan”, continuously from the electron to hole regimes in a
single device over a broad density range, which was never done in other systems.
The values of Bf can be readily calculated, since both n and L can be obtained
from Hall measurements and the AFM image of the device, respectively. Figure 6.2a
shows a zoom-in plot of Fig. 6.1e, where we have superimposed the calculated focusing
fields (dashed lines) using the measured LMLG = 500 nm. A discrepancy between the
calculated values and the measured peak locations is clearly present. Moreover, we find
that the observed B
(p)
f /p decreases as p increases (Fig. 6.2d). The finite width of our
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Figure 6.2: transverse magnetic focusing in MLG, BLG, and TLG at 5 K. a-
c, The TMF spectra as a function of density and magnetic field for MLG, BLG, and
TLG respectively. The dashed lines are calculated focusing fields using LMLG = 500,
LBLG = 775, and LTLG = 950 nm, determined from AFM images. d-f, Onsager reciprocal
relation in MLG, BLG, and TLG respectively. The red and black traces are measured
with current and voltage contacts switched (Fig. 6.2d, insets). In these figures, Bf is the
observed focusing field of the first mode.
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injector and collector (∼100 nm in MLG and BLG and ∼240 nm in TLG, see below)
could introduce an error in the determination of L and subsequently Bf . However, a more
plausible explanation is the effect of charge accumulation near the edges owing to the finite
size of our graphene devices [135]. We find that charge accumulation reduces Bf by the
same order of magnitude as that required to correct for the discrepancy and, in addition, it
also explains the decreasing B
(p)
f /p because, for higher p, the carrier’s trajectory is closer to
the edge, which further reduces B
(p)
f (see supplementary information). We also note that
density fluctuations and small-angle scattering [133] due to impurities could also affect the
carrier’s path and its focus. However, a lack of knowledge of the detailed disorder potential
landscape prevents us from determining the change in the value of the focusing fields.
We have observed multiple focusing peaks in all of our devices, including BLG and
TLG (see below), which indicates that a significant fraction of the electrons get specularly
reflected off the graphene edge. From the peak amplitudes, we can calculate the measured
specularity, the ratio between the amplitude of the second mode to that of the first mode,
which offers information on the specular reflection of electrons at the graphene edges. We
find that the value of specularity ranges from 0.2 to 0.5 (see supplementary information).
It is worth noting that specularity measurements in semiconductor heterostructures have
shown values less than 1 for focused-ion-beam etched devices [127,128] which is similar to
our oxygen-plasma-etched graphene devices but greater than 1 for electrostatically-defined
edges.
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Figure 6.3: Visualizing in-situ band structure changes in TLG with TMF. a-b,
Band structure and Fermi surface of TLG at zero D (electrostatic potential of each layer
equal to zero). The band structure consists of MLG-like and BLG-like subbands, with a
small band overlap. The bands α and β are MLG-like and BLG-like valence bands. The
trigonal warping effect can be seen in the BLG-like subband. The lattice constant a is 2.46
A˚. c-d, Band structure and Fermi surface of TLG at finite D (for this case, with potential
difference between adjacent layers equal to 30 meV). The potential difference induces the
hybridization between MLG-like and BLG-like subbands and also shifts down in energy
the top of the α band. e-h, The TMF spectra in TLG at D = 0, 0.18, 0.34, and 0.49 V/nm
respectively. As D increases, the α band starts to disappear while the β band remains
visibly unchanged.
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6.5 TMF in bilayer graphene
We now turn to TMF in BLG. Figures 6.2b and e display TMF fans for BLG at
5 K. Evidently, the TMF spectra of MLG and BLG are very similar, even though their band
structures are different (Fig. 6.2a-b, insets). The similarity arises from the fact that, when
only the nearest intra-layer γ0 and inter-layer γ1 hopping parameters are considered, both
MLG and BLG have circular Fermi surfaces, resulting in the same circular orbit and
√
n-
dependence of kF. The dashed lines in Fig. 6.2b are focusing fields calculated from Eq. 1.
For this device, the calculated B
(1)
f for the first order peak are in good agreement with the
measured data, but higher order modes show a discrepancy, similar to the MLG case. An
additional possible source of mismatch in BLG, which does not exist in MLG, is trigonal
warping [54] of the Fermi surface due to the next nearest neighbor inter-layer hopping term
γ3. This term transforms the BLG circular Fermi surface into a partly triangular surface,
altering therefore the carrier’s trajectory. Hence, in principle the values of Bf now depend
on the crystallographic orientation with respect to the sample axis, and can vary by a few
tens of mT (see supplementary information).
6.6 TMF in ABA trilayer graphene
Even though TMF cannot be used to differentiate MLG from BLG, the TMF
spectrum of TLG is remarkably different because of the multiband character of its band
structure. Figure 6.2c and f show TMF spectra of TLG at 5 K, measured at zero electric
displacement field. Taking only γ0 and γ1 into account, the band structure of TLG consists
of a massless MLG-like and a massive BLG-like subband at low energy (Fig. 6.2c, inset) [46,
96–99]. In a magnetic field, both subbands give rise to their own TMF spectra, with the
94
Chapter 6: Electrically tunable transverse magnetic focusing in graphene
BLG-like subband having a larger B
(1)
f due to its larger Fermi momentum (for a given EF)
. This allows us to identify the subband corresponding to each peak observed in the data.
At high density, the peak from the MLG-like subband can be seen at ∼250 mT (Fig. 6.2c,
orange dashed line, and small sharp peaks at low field in Fig. 6.2f) while the peaks from
the BLG-like subband are visible from ∼250 mT onward (Fig. 6.2c, blue dashed lines). We
do not observe higher order modes from the MLG-like subband, probably because they are
masked by the much stronger peaks from the BLG-like subband, which contains most of
the charge density.
Earlier studies have shown that higher order hopping parameters in TLG signif-
icantly modify its band structure [46, 96–99] by introducing subband overlap and trigonal
warping in the BLG-like subband (Fig. 6.3a). We use this full parameter model for the
TLG band structure to simulate the carrier trajectories and determine the focusing fields
(see supplementary information). The results are shown as dashed lines in Fig 6.2c. Al-
though we can reproduce the focusing field for the MLG-like subband very accurately, we
obtain a mismatch in the BLG-like subband, similar to those above mentioned in MLG
and BLG.
6.7 Ballistic electron spectroscopy
We now focus on the previously unexplored potential of TMF as a ballistic electron
spectroscopy method to investigate in-situ changes in the band structure of a material.
One of the remarkable properties of TLG is that its band structure can be tuned and
controlled by using a transverse electric displacement field [116], D. TMF is sensitive to
the occupation of each of the TLG subbands, enabling us to use TMF as a probe of the
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change in the TLG band structure with D. Figures 6.3a and b show the band structure
and Fermi surface of TLG at n = −2 × 1012 cm−2 for the case D = 0. We denote the
valence bands of the MLG-like and BLG-like subbands as α and β bands, respectively. The
application of a finite D induces a potential difference between the TLG layers, breaking
the mirror symmetry and causing a hybridization between the MLG-like and BLG-like
subbands. Figures 6.3c and d show how a finite D results in a shift down of the top of the
α band . Consequently, for a fixed density, the Fermi momentum of the α band shrinks
with D while that of the β band barely changes due to its much higher density of states.
Figures 6.3e-h show the TMF spectra of TLG at various D’s. We observe a rela-
tively strong focusing peak from the α band at D = 0 V/nm. However, as D increases, the
peak starts to shift downward and it eventually disappears at low density. The disappear-
ance of this peak is the result of the top of the α band shifting down in energy and leaving
the β band as a lone contributor to the carrier density (Fig. 6.3c-d). Therefore, within our
density range, we end up observing only a single focusing peak, from the β band, at high
D. The onset in the density of the focusing peak of the α band allows us to determine the
potential difference among the TLG layers as a function of applied D. As a result, we can
estimate the effective dielectric constant of TLG which we find to be about 3.5± 0.2 (see
supplementary information).
6.8 Temperature dependence of TMF spectra
We now look at the temperature dependence of the TMF spectra in MLG and
BLG. The TMF spectrum is affected by temperature, T , at least in two ways: through
the increase in dephasing (which smoothes the quantum interference fluctuations), and
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Figure 6.4: Temperature dependence of the TMF in MLG and BLG. a-b The
TMF spectra as a function of temperature from 300 mK to 150 K for MLG and BLG,
respectively, at n = −2.8× 1012 cm−2. Insets show the amplitudes of the first and second
modes as a function of temperature (Data taken before current annealing). c transverse
magnetic focusing in MLG at 300 K. The TMF peak as well as the
√
n dependence of the
focusing field can be clearly observed (Data taken after current annealing).
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through the loss of ballistic transport due to new scattering channels activated at high
T . Figures 6.4a and b show the TMF spectra of MLG and BLG, respectively, at n =
−2.8× 1012 cm−2 from 0.3 to 150 K. We first concentrate on the fine structure observed at
low T (blue traces). This structure is the aforementioned quantum interference between
different paths on which electrons propagate to the collector [128, 132–134]. When the
temperature-induced broadening of the Fermi momentum is on the order of 1/L, electrons
become incoherent and the quantum interference is washed out [136], resulting in smooth
focusing peaks. For our devices, this length corresponds to a temperature of about 15 K,
which is in good agreement with the data.
In addition, the focusing peaks also decrease as T increases. The amplitudes of
the first and second modes are shown in the insets of Fig. 6.4a and b for MLG and BLG,
respectively. We observe that the focusing amplitude in MLG depends linearly on T . A
potential scattering mechanism includes longitudinal acoustic phonons, which give rise to
a linear temperature dependence of the scattering rate [137]. However, we observe a very
different temperature dependence in BLG. The peak amplitude saturates at low tempera-
ture and decreases faster than in MLG at higher T . A similar temperature dependence of
the focusing peaks has also been observed in InGaAs/InP heterojunctions [138]. Further
theoretical work is needed to understand the temperature dependence of the focusing peaks
as well as the difference between MLG and BLG.
6.9 Outlook
We end by commenting on the remarkable robustness of TMF in graphene.
Fig. 6.4c shows the TMF fan of MLG at room temperature (T = 300 K), where the first
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mode is clearly visible, indicating room temperature ballistic transport well into the micron
regime. This lower bound temperature for the observation of TMF in graphene is at least
three times higher than the highest temperature at which TMF spectrum has been observed
in semiconductor heterostructures [138], the main reason probably being the lack of remote
interfacial phonon scattering [139] from hBN. The ability to manipulate ballistic motion
in graphene at room temperature, coupled with recent developments [140] in large area
growth of graphene on hBN, paves the way towards novel applications based on electron-
optics. On a more fundamental level, TMF may serve as a probe of electron-electron
interaction [28, 29, 141] or strain-induced gauge field [10, 11, 37] effects in the electronic
structure of graphene.
6.10 Methods
Figure 6.1c shows an atomic force microscopy image from one of our devices.
Our devices are fabricated by transferring graphene onto high-quality hexagonal boron
nitride [40]. We use oxygen plasma to etch graphene flakes into a Hall-bar geometry.
Contacts are defined by electron-beam lithography and thermal evaporation of chromium
and gold. The devices are then heat annealed in forming gas and subsequently current
annealed in vacuum at low temperature [46]. We observe TMF peaks both before and after
current annealing. The data after current annealing have higher quality than before current
annealing, especially at low density, likely due to reduced charge density fluctuations.
However, they exhibit similar quality at high density. All the data shown here are measured
after current annealing, except Fig. 6.2d-e and Fig. 6.4a-b which was done before current
annealing.
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We identify the number of graphene layers by Raman spectroscopy and/or quan-
tum Hall measurements. For TLG, the quantum Hall measurements reveal that it is
Bernal-stacked [46]. In addition, we put a top gate onto the TLG device, using hBN as
a thin dielectric. The combination of top gate (TG) and bottom gate (BG) allows us to
control the charge density and the displacement field independently. We parameterize the
displacement field by D = (CTGVTG +CBGVBG)/(20) where C is the capacitive coupling,
V is the applied gate voltage relative to the charge neutrality point, and 0 is the vacuum
permittivity.
6.11 Supplementary information
6.11.1 Sources of discrepancy in focusing field
In MLG and BLG, we use the following formula
B
(p)
f =
(
2~kF
eL
)
p =
(
2~
√
pin
eL
)
p (6.2)
to calculate the focusing field with the assumption that the Fermi surface is circular. In this
calculation, the density n and the distance L between injector and collector are determined
from Hall resistance and AFM images respectively. We find however a discrepancy between
the calculated and measured focusing fields (Fig. 6.2a-b). Here, we address some of the
issues which could affect these parameters or assumption and consequently the value of the
focusing field.
Finite width of injector and collector
Both injectors and collectors of our MLG and BLG devices have a finite width of
∼100 nm (Fig. 6.1a). Therefore, there is some uncertainty in L, of order 100 nm; L itself
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Figure 6.5: Effective length between injector and collector. a-b, Focusing fields
normalized by the mode number as a function of density for MLG and BLG, respectively.
Each solid line is the best fit to the data of each mode using Eq. 6.2.
is 500 nm for the MLG device and 775 nm for the BLG device. This uncertainty in L
could change the effective distance and be partly responsible for the mismatch we observe.
Below we determine the effective distance Leff by fitting our TMF spectrum using Eq. 6.2
where this time we leave L as a fitting parameter.
Figure 6.5a and b show B
(p)
f /p as a function of density for the first, second, and
third modes (p = 1, 2, and 3 respectively). For a given density, the value of B
(p)
f is
determined from the position of magnetic field at which Vc is maximum locally. We find
that the values of Leff lie far from the expected values, except the first mode of BLG. For
example, in MLG, we expect L = 500 nm but the fits yield 561, 615, and 626 nm for the
first, second, and third modes, respectively. The values of Leff for the second and third
modes are actually larger than the maximum distance between the injector and collector.
Even more surprising is the fact that the value of Leff from the first mode is clearly smaller
than those from the second and third modes for both MLG and BLG devices. This implies
that the focusing peaks are not periodic in B, in contrast to Eq. 6.2. Such non-periodicity
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cannot be explained by a finite width of the injector and collector. This and the fact that
Leff is much larger than the expected values lead us to believe that the finite width of the
injector and collector is not the major factor in the quantitative discrepancy in the values
of Bf .
Charge accumulation at the graphene edges
Due to the finite width of our graphene devices, compared to the SiO2 thickness,
the charge-density distribution induced by the back gate is no longer uniform across the
graphene [135]. Electrostatically, charges tend to pile up at the edges. Such non-uniformity
in density together with the small density of states in graphene lead to an electrostatic
potential variation near the edges, altering the electron trajectories. Since the length (x-
axis) of our graphene flakes is much longer than its width (y-axis), we can assume that
the density depends on y only. Silvestrov and Efetov have shown that, up to the first
order approximation, the potential variation relative to the Fermi energy due to the charge
accumulation in MLG is given by [135]
EF − U(y) = ~vF
√
pin(y) = ~vF
√
navgW
[
(W/2)2 − (y −W/2)2]−1/4 (6.3)
where navg is the average density and W is the graphene width. The electron’s trajectory
then follows a constant energy contour, yielding the following equation [142]
d y
dx
=
√
(EF − U(y))2 − v2F(px − eBy)2
vF(px − eBy) . (6.4)
To avoid the singularity at the edges, we set the density to a constant when the distance
is within 10 nm from the injector. We note that any sensible choice of the cutoff does not
affect the caustic.
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Figure 6.6: Effect of charge accumulation on the electron trajectories. a, Electron
trajectories in the case of constant density distribution of 1 × 1012 cm−2 at B = 416 mT
(blue lines), 759 mT (purple lines), and 1.12 T (yellow lines). These magnetic fields are
obtained from the data for the first, second, and third modes. b, Density as a function of y
(graphene’s width) which we use to simulate the trajectories in a. c, Electron trajectories
when we take charge accumulation at the edges into account. d, Density as a function of
y which we use to simulate the trajectories in c. The average density is 1× 1012 cm−2.
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Figure 6.6a and c show electron trajectories simulated from Eq. 6.4 for the cases of
uniform charge density distribution and charge accumulation near the edges, respectively.
The magnetic fields we used in these simulations are taken from the data in Fig. 6.2a where
the focusing fields for the first, second, and third modes are 416 mT, 759 mT, and 1.12 T at
n = 1× 1012 cm−2. Theoretically, at the focusing field of mode p, the caustic has to reflect
off the edge at x = L/p. However, for the uniform density distribution, the simulation
shows that the caustics meet the edge at least ∼50 nm further than the expected positions
(Fig. 6.6a). Moreover, with the uniform density distribution, the focusing fields is periodic
in B, contradictory to the data.
As we introduce the charge accumulation, the variation in potential acts as an
in-plane electric field, pulling electrons to the edges. As a result, electrons reach the edge
faster and at a shorter distance as shown in Fig. 6.6c. The positions at which the caustics
meet the edge are now closer to the expected values of L/p. In addition, a non-uniform
charge distribution also explains the non-periodicity of the focusing fields. For the higher
order modes, the electron trajectories are closer to the edge and hence subjected to a
stronger electric field owing to a faster potential variation. Therefore, a smaller magnetic
field is required to focus electrons at the same distance. We observe that B
(1)
f is significantly
higher than B
(2)
f /2 but B
(2)
f /2 and B
(3)
f /3 have very similar values (Fig. 6.5a-b). This may
be an indication of the expected break down of the singularity at the edges [135] which
causes both of these modes to experience a similar electric field.
We also note that Eq. 6.4 does imply the
√
n-dependence of the focusing field.
One way to determine the density dependence of the focusing field is to require dy/dx to
be invariant as we vary density in order to keep the electron’s trajectory and the focal
point unchanged. Since both EF − U(y) and px are proportional to √navg, this imposes
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Figure 6.7: Trigonal warping effect on BLG. a, The crystal structure of BLG. The unit
cell consists of four atoms, A1 and B1 from the bottom layer and A2 and B2 from the top
layer. The hopping parameters between different sublattices are shown. b, Fermi surfaces
of BLG for γ3 = 0 eV and γ4 = 0 eV (red line) and γ3 = 0.315 eV and γ4 = 0.15 eV (blue
line) at n = 2 × 1012 cm−2. c, Electron trajectories in real space for the corresponding
Fermi surfaces in b of the same color. The magnetic fields are chosen such that the focal
point is at 775 nm. d-e, Electron trajectories when they are injected isotropically at the
origin for γ3 = 0 eV and γ3 = 0.315 eV, respectively, both for n = 2× 1012 cm−2.
B to be proportional to
√
navg as well so that the ratio on the right hand side of Eq. 6.4
stays constant.
Trigonal warping
The Fermi surface in BLG is circular only if γ0 and γ1 are considered. However,
when we take γ3, which is the hopping parameter between B1 and A2 (Fig. 6.7a), into
account, it introduces a trigonal warping effect to the band structure, transforming the
Fermi surface from a circle to a triangular structure. Figure 6.7b shows Fermi surfaces
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from a simple model (red line) and full-parameter model (blue line) at n = 2× 1012 cm−2,
calculated from the following Hamiltonian
HBLG =

0 v3pi −v4pi† v0pi†
v3pi
† 0 v0pi −v4pi
−v4pi v0pi† 0 γ1
v0pi −v4pi† γ1 0

. (6.5)
where vi = (
√
3/2)aγi/~ and pi = ~(kx + iky). Here, we use γ0 = 3.1 eV, γ1 = 0.39 eV,
γ3 = 0.315 eV, and γ4 = 0.15 eV [49]. We note that γ4 induces electron-hole asymmetry to
the band structure but does not affect the shape of Fermi surface in a significant way. To
obtain the electron trajectory in real space, we apply the semiclassical equation of motion
~
d
dt
k = (−e) d
dt
r ×B. (6.6)
The equation 6.6 implies that, for a constant transverse B-field, the electron trajectory in
real space can be obtained by rotating its Fermi surface by 90◦ and scaling it by a factor
~/(eB) [127]. Figure 6.7c shows electron trajectories corresponding to the Fermi surfaces
shown in Fig. 6.7b.
To determine the position of the caustic, we simulate a set of electron trajectories,
assuming that electrons are injected isotropically from the origin. Figure 6.7d and e show
such simulations at n = 2 × 1012 cm−2 for a simple model and full-parameter model,
respectively. The magnetic fields is chosen such that the caustic encounters the x-axis at
x = 775 nm which is the distance between the injector and the collector in our BLG device.
We find that the focusing fields for the simple and full-parameter models are 426 mT and
447 mT, respectively.
The trigonal warping not only affects the value of the focusing field but it also
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Figure 6.8: The dependence of focusing fields on crystallographic orientation.
a-b, Focusing fields for the first mode as a function of a crystallographic orientation for
n = 2× 1012 cm−2 and n = 1× 1012 cm−2, respectively, for γ3 = 0 eV and γ4 = 0 eV (blue
line), and γ3 = 0.315 eV and γ4 = 0.15 eV (red line). c-f, Electron trajectories when the
angle between the BLG crystallographic orientation and the BLG edge is 0◦, 10◦, 20◦, and
30◦ respectively.
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between electron’s trajectories at the K (red line) and K ′ (blue line) valleys. The focal
point is evidently the same.
introduces an anisotropy to the band structure which causes the focusing field to depend
on crystallographic orientation. Figure 6.8a and b show the focusing field as a function of
crystal orientation at n = 2× 1012 cm−2 and n = 1× 1012 cm−2 respectively. We observe
that the value of the focusing fields for the full-parameter model for any orientation is
always larger than that of the simple model by about 5-20 mT. These numbers are similar
to the mismatch between the focusing fields we measure in our data and those from the
simple model. However, the measured focusing fields are smaller than the focusing field
calculated from the simple model, while those calculated from the full-parameter model
are larger. Therefore, trigonal warping cannot be the only source of the mismatch.
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We also note that another consequence of trigonal warping is that the Fermi sur-
faces at the K and K ′ valleys are different. They are in fact the inverse of each other
(Fig. 6.9a). Hence, electrons from these two valleys follow different paths under the mag-
netic field (Fig. 6.9b). However, their caustics line up exactly which prevents us from using
the TMF to probe the distinct trajectories for the K and K ′ valleys (Fig. 6.9c).
6.11.2 Calculation of focusing fields and effective dielectric constant in
TLG
In order to calculate focusing fields in TLG, we need to determine the Fermi
surface of each band for a given Fermi energy. We use the following Hamiltonian to
calculate the Fermi surface [116]
H =
 Hm Γ
Γ† Hb
 , (6.7)
where
Γ =
 ∆1 0 0 0
0 0 0 ∆1
 , Hm =
 ∆2 − γ2/2 v0pi†
v0pi ∆2 − γ5/2 + δ
 ,
Hb =

∆2 + γ2/2
√
2v3pi −
√
2v4pi
† v0pi†
√
2v3pi
† −2∆2 v0pi −
√
2v4pi
−√2v4pi v0pi† −2∆2 + δ
√
2γ1
v0pi −
√
2v4pi
† √2γ1 ∆2 + γ5/2 + δ

.
with γ0 = 3.1, γ1 = 0.39, γ2 = −0.028, γ3 = 0.315, γ4 = 0.041, γ5 = 0.05, and δ =
0.046 eV [46]. The parameters ∆1 = (U1 − U3)/2 and ∆2 = (U1 − 2U2 + U3)/3 describe
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Zoom-in plot of b showing the hole pocket of the MLG-like subband when the total density
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the energy difference between layers where Ui is the potential of layer i. Figure 3b and d
show Fermi surfaces calculated from such Hamiltonian for ∆1 = 0 meV and ∆1 = 30 meV,
respectively, for the case ∆2 = 0 meV.
Once we obtain these Fermi surfaces, we simulate the electron trajectories in real
space similar to Fig. 6.7e. We vary the magnetic field until the caustic meets the x-axis
at L = 950 nm, which is the distance between injector and collector in our TLG device.
Finally, we have to convert the Fermi energy into a total density, which is the quantity we
control in the transport measurement, by calculating the area of the corresponding Fermi
surface
ntotal = 4
∫
(MLG)
dkxdky
(2pi)2
+ 4
∫
(BLG)
dkxdky
(2pi)2
. (6.8)
where (MLG) and (BLG) refer to the MLG-like and BLG-like subbands, and the
factor 4 is due to spin and valley degeneracies.
Figure 6.10b shows the total density and the densities of the MLG-like and BLG-
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like subbands as a function of energy. Due to the band overlap (Fig. 6.10a), there is a
hole pocket from the MLG-like subband when the total density is positive. Such overlap
causes the focusing field from the valence band of the MLG-like subband to cross the zero
density line at a slightly negative value instead of zero, in agreement with our measurements
(Fig. 6.3e).
The correspondence between density and energy allows us to investigate screening
in TLG. Under an applied displacement field, the conduction band and valence band of
the MLG-like subband will shift up and down in energy, respectively (Fig. 6.3a and c). As
a result, the onset of the focusing peak of the MLG-like subband in the TMF spectrum
will shift in density (Fig. 6.3e-h). Therefore, we use this onset density to determine the
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potential difference between adjacent layers ∆1 by repeating the procedure described above
for various values of ∆1. Figure 6.11 shows ∆1 as a function of the applied displacement
field D. Assuming a linear response, we fit the data to ∆1 = dD/TLG, where d = 0.34 nm
is the distance between two adjacent layers and TLG is the effective dielectric constant.
We obtain TLG = 3.5 ± 0.2, comparable to bilayer graphene [76] and twisted bilayer
graphene [143].
6.11.3 Specularity
The ability to control the density in graphene allows us to investigate the am-
plitudes of the focusing peaks and specularity as a function of density. Figure 6.12 shows
the amplitudes of the first and second focusing peaks as a function of density for MLG,
BLG, and TLG. Small fluctuations are the result of the quantum interference between
different trajectories. Around the charge neutrality points, the focusing peaks disappear
owing to electron-hole puddles causing trajectories to deflect as electrons move from one
puddle to another [43, 44]. As we increase the density, the effect from charged impurities
is screened and the density becomes more uniform across the sample. Hence, the focusing
peaks emerge at finite density.
Theoretically, the value of the amplitude Vc/Ii is inversely proportional to
√
n [128],
neglecting quantum interference and disorder. However, we only observe this 1/
√
n-
dependence in the electron regime of our MLG device which has the highest quality among
the samples we measure (Fig. 6.12a). This deviation from the theoretical prediction is
likely due to impurities, causing small angle scattering which could reduce the number of
electrons reaching a collector but still preserves the focusing [133].
One important information we can deduce from the amplitudes is the specularity
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Figure 6.12: Density dependence of the focusing peak amplitudes. a-c, Amplitudes
of the first (red) and second (black) focusing peaks as a function of density for MLG, BLG,
and TLG, respectively determined from Fig. 6.2a-c. The blue lines in a are a fit to the data
with the function c/
√
n where c is a constant. d-f, Measured specularity as a function of
density for MLG, BLG, and TLG respectively. The shaded regions are the density range
where disorder dominates the focusing signals.
Table 6.1: Measured specularity in our MLG, BLG, and TLG devices for electron and hole
regimes
electron hole
MLG 0.4± 0.1 0.3± 0.1
BLG 0.5± 0.1 0.5± 0.1
TLG 0.23± 0.03 0.18± 0.02
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q which measures the probability of specular reflection off a graphene edge. The value
of the specularity can be calculated from the ratio between the amplitudes from adjacent
peaks. Here, we will refer to this ratio as the measured specularity qm. In our case, we use
the ratio between the second and the first peaks. We neglect the third peak because its
amplitude is small and largely dominated by the interference pattern.
In order to discuss the specularity, we restrict ourselves to high density (outside
the shaded regions in Fig. 6.12), to minimize electron-hole puddle influence. We find that
the specularity is weakly dependent on density and it saturates at high density (Fig. 6.12)
with its values ranging from 0.2 to 0.5 (see Table 6.1). However, Rakyta et al. have
calculated the transmission probability for TMF in graphene with armchair, zigzag, or
reconstructed zigzag edges and found that the transmission probability should increase with
increasing magnetic field. This disagreement should not be surprising because our graphene
edges are defined by electron beam lithography and oxygen plasma etching (Fig. 6.1a). Its
edge structure will be ill-defined and will be much rougher at atomic scale than those
used in the theoretical study. In this regard, we note that a recent experimental study
on boundary scattering in ballistic graphene found a nearly zero probability of specular
reflection on samples with oxygen plasma etching defined edges [144].
We point out that, in semiconductor heterostructures, the amplitude of the fo-
cusing peaks increases with increasing B for electrostatically defined edges but it decreases
with increasing B for edges defined by focused ion beam (a procedure similar to our oxy-
gen plasma etching) [127, 128]. It would be interesting to see the behavior of the focusing
peaks in graphene with natural edges (those occurring from the exfoliation process, without
oxygen plasma etching).
The details of the impurity-induced potential profile through which electrons prop-
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agate could also play a crucial role in the measured specularity. For instance, if a single
charged impurity were to sit right at the top of the first-mode trajectory which is far away
from the second-mode, this impurity could affect the amplitude of the first peak signifi-
cantly but hardly affect that of the second peak. One evidence which supports this claim
is that, in our BLG sample, before current annealing, we observed that the amplitude from
the second focusing peak was higher than that of the first focusing peak. However, after
current annealing, the first peak became larger (Fig. 6.2b). The effect of current annealing
is likely to only reduce the potential inhomogeneity in the sample by eliminating impurities
but not strong enough to restructure the graphene’s edge. Therefore, the change in the
measured specularity before and after current annealing is conceivably due to the change
in potential profile.
6.11.4 Visibility of Shubnikov–de Haas oscillations
In Fig. 6.1e, the SdHOs in quadrants 1 and 3 are dominated by a speckle-like
feature. This feature is an interference of different trajectories of electrons propagating co-
herently to the collector [128,132–134]. The interference pattern does not exist in quadrants
2 and 4 because, in these configurations, electrons propagate from the injector (contact i)
to contact g away from the collector (Fig. 6.1c). Contact g now acts as an injector for the
voltage probes (contacts f and c). Since its size is much larger than the Fermi wavelength,
contact g does not act as a coherent source for injected electrons and the interference
pattern is diminished [145]. Moreover, electrons have to travel at a much longer distance
before reaching the voltage probes which increases the chance of dephasing from scattering.
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